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Abstract

We provide necessary as well as sufficient conditions for ex-post behavioral imple-
mentation under incomplete information. Ex-post consistency, the central condition
we identify as necessary and almost sufficient for ex-post behavioral implementation,
is a natural extension of ex-post incentive compatibility and ex-post monotonicity to
behavioral domains. As an application, we adapt the notion of ex-post incentive effi-
ciency in Holmstrom and Myerson (1983) to behavioral environments and show that
the resulting social choice correspondence is fully ex-post behavioral implementable
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1 Introduction

Individuals are not perfect decision-makers. They often have difficulty processing in-
formation and making rational choices, as documented by behavioral sciences. Behavioral
economics uses the resulting insights and aims to help governments and other organiza-
tions design policies and institutions and guide people’s behavior more effectively. In this
context, we focus on how a planner can achieve her goals under incomplete information
when individuals are not necessarily making rational choices, and their interim behavior
can be captured by ex-post considerations. Specifically, we study full ex-post behavioral
implementation without requiring individuals’ ex-post and interim choices to satisfy the
weak axiom of revealed preferences (WARP).

We employ ez-post behavioral equilibrium (EBE) to derive necessary as well as suffi-
cient conditions for ex-post behavioral implementation of social choice rules. This notion
requires every optimal state-contingent alternative be sustained as an EBE, and there be
no EBE leading to an outcome not aligned with the social choice rule.

In incomplete information environments, each mechanism induces an incomplete in-
formation game where, given a strategy profile, each individual’s message generates an
interim act that maps each type profile of other individuals to alternatives. As a result,
we obtain a general setup with incomplete information that allows for a wide variety of
behavioral biases. In this setup, individuals make their message choices in the mechanism
at the interim stage (after observing their own private information).

The notion of EBE requires a strategy profile in the mechanism be such that individ-
uals’ plans of actions are measurable with respect to their private information and result
in (behavioral) Nash equilibrium play at every state.!

In behavioral environments of incomplete information, combining an individual’s op-
timal ex-post choices across states does not necessarily induce optimality in the interim
stage for that individual. We present a condition, Property STP*, in the spirit of Savage’s
sure-thing principle as well as Property STP of de Clippel (2023) in order to relate indi-

viduals’ ex-post choices on alternatives to their interim choices on acts. It demands that

LFull ex-post behavioral implementation is not the same as behavioral (Nash) implementation on every
complete information type space: Each individual’s strategy is measurable with respect to her type and
cannot vary with others’ type profiles. This, therefore, results in a requirement akin to the addition
of incentive compatibility constraints. The associated necessary conditions are not nested even in the
rational domain (Bergemann & Morris, 2008). Under rationality, our necessary conditions coincide with
those of Bergemann and Morris (2008). Besides, Bergemann and Morris (2005) shows that even though
partial ex-post implementation is equivalent to (interim) Bayesian implementation for all possible type
spaces in some environments, this equivalence does not hold in the case of full implementation.



an act be chosen from a set of acts whenever for any state, the realization of this act
(an alternative) is ex-post chosen at that state from the set of alternatives sustained by
acts in that set of acts. Consequently, we obtain the practicality and tractability of the
ex-post approach featured in the rational domain. Under Property STP*, every EBE is a
behavioral interim equilibrium (BIE) (Saran, 2011; Barlo & Dalkiran, 2023a). Hence, ex-
post behavioral implementation shares some desirable properties of its counterpart in the
rational domain with Savage-Bayesian probabilistic sophistication where Property STP*
comes for free (Bergemann & Morris, 2008).> In particular, we obtain the ez-post no
regret property: no individual has any incentive to go back to the interim stage and find
out others’ private information.

We obtain ez-post consistency as a necessary condition for ex-post behavioral imple-
mentation, Theorem 1, and present a sufficiency result, Theorem 2, combining this con-
dition with a behavioral version of the economic environment assumption. This central
condition, necessary and almost sufficient for ex-post behavioral implementation, is a nat-
ural extension of ex-post incentive compatibility and ex-post monotonicity to behavioral
domains: We show that ex-post consistency implies quasi-ez-post incentive compatibility
(Proposition 1) and ez-post behavioral monotonicity (Proposition 2). However, these two
concepts together do not imply ex-post consistency in the behavioral domain (Example 2).
In contrast, in the rational domain with utility representation, our quasi-ex-post incentive
compatibility and ex-post behavioral monotonicity are equivalent to the ex-post incentive
compatibility and ex-post monotonicity of Bergemann and Morris (2008) (Proposition 3).
Moreover, ex-post consistency is equivalent to ex-post monotonicity coupled with ex-post
incentive compatibility in the rational domain with utility representation (Proposition 4).

To illustrate an application of our results, we study the implementability of ex-post
behavioral efficiency and ez-post behavioral incentive efficiency. Under rationality, the
former coincides with ex-post Pareto efficiency, while the latter refines the notion of
ex-post incentive Pareto efficiency introduced by Holmstrom and Myerson (1983). We
first show that, in behavioral environments, the classic tension between efficiency and
incentives persists, implying that ex-post behavioral efficiency is not ex-post behaviorally

implementable. Our necessity results indicate that any implementable efficiency notion

2While Property STP* instigates appealing aspects for EBE, it comes with a severe warning in envi-
ronments with individuals’ ex-post choices failing WARP. In such environments, de Clippel (2023) exhorts
us to be wary of the use of EBE because Property STP* and the failure of WARP for ex-post choices
may generate a contradiction. In Appendix C, we demonstrate situations in which such a contradiction
may appear in our setup. We note that interim choices may satisfy Property STP* but fail WARP even
if the associated ex-post choices obey WARP, as in the minimax-regret setting (Proposition 7).



must, at a minimum, incorporate a behavioral analogue of ex-post incentive compatibility.
Imposing this restriction leads to ex-post behavioral incentive efficiency. We then show
that the corresponding opportunity sets form an ex-post consistent profile and, by our
sufficiency result (Proposition 5), conclude that ex-post behavioral incentive efficiency is
ex-post behaviorally implementable.

Ex-post behavioral implementation features some robustness properties with respect
to individuals’ beliefs: Given a set of permissible type spaces as in Bergemann and Morris
(2011), if a social choice rule is ex-post behavioral implementable at a permissible type
space, then it is ex-post behavioral implementable at every other permissible type space.
In this sense, ex-post behavioral implementability is independent of individuals’ beliefs.
However, ex-post behavioral implementability does not dismiss the occurrence of bad BIE
at a permissible type space regardless of whether or not Property STP* holds. This is
why one has to beware of the warning of Bergemann and Morris (2008) about the “naive
adoption of ex-post [behavioral] equilibrium as a ‘robust’ solution concept.”?

Our paper is most closely related to Bergemann and Morris (2008) and Barlo and
Dalkiran (2023a). The former analyzes ex-post implementation under incomplete infor-
mation in the rational domain, while the latter studies interim implementation under
incomplete information in behavioral environments, without imposing any ex-post re-
quirements. Our results on ex-post behavioral implementation extend these analyses by
introducing explicit ex-post considerations into behavioral domains.

In the rational domain, Jackson (1991) develops Bayesian implementation, extending
the seminal Nash implementation framework of Maskin (1999) to settings with incomplete
information. Finally, the equilibrium concept of BIE is introduced by Saran (2011), who
studies partial behavioral implementation under incomplete information in environments
with menu-dependent preferences.

The necessary and almost-sufficient conditions we identify for ex-post behavioral im-
plementation are reminiscent of the consistency condition introduced by de Clippel (2014),
which provides necessary and sufficient conditions for behavioral implementation under
complete information. A related literature studies behavioral implementation in complete-

information environments, including Hurwicz (1986), Eliaz (2002), Barlo and Dalkiran

3We analyze the robust behavioral implementation problem in Barlo and Dalkiran (2026). Bergemann
and Morris (2009, 2011) analyze robust full implementation in the rational domain both using direct and
indirect mechanisms. There is a large literature on robust mechanism design/implementation in the
rational domain. Such studies include but are not limited to Bergemann and Morris (2005), Penta
(2015), Bergemann and Morris (2017), Ollar and Penta (2017), de Clippel et al. (2019), Kunimoto et al.
(2025), Chen et al. (2021), Chen et al. (2022), Jain and Lombardi (2022), Jain et al. (2025), Chen et al.
(2023), Jain et al. (2023), Kunimoto et al. (2023), Xiong (2023), Kunimoto and Saran (2024).



(2009), Korpela (2012), Hayashi et al. (2023), and Hagiwara (2025). Eliaz (2002) ana-
lyzes full implementation when some individuals may be “faulty” and fail to act optimally.
An earlier paper of ours, Barlo and Dalkiran (2009), studies implementation under e-
Nash equilibrium, allowing individuals to settle for outcomes close to, but not necessarily
achieving, their best responses. Korpela (2012) shows that when individual choice behav-
ior violates rationality axioms, independence of irrelevant alternatives plays a key role in
recovering necessary and sufficient conditions analogous to those in Moore and Repullo
(1990). More recently, Hayashi et al. (2023) studies behavioral strong implementation
under complete information, while Hagiwara (2025) analyzes behavioral subgame-perfect
implementation.?

The organization of the paper is as follows: Section 2 presents the preliminaries;
Section 3, our necessity and sufficiency results for ex-post behavioral implementation.
In Section 4, we analyze ex-post behavioral (incentive) efficiency. Section 5 discusses

implications of the sure thing principle. Section 6 concludes.

2 Preliminaries

Consider a set of individuals N = {1,...,n} and a non-empty set of alternatives X
where 2% stands for the set of all subsets of X and X stands for those that are non-empty.
Let T denote the set of all relevant type profiles of the individuals. We assume that there
is incomplete information among the individuals regarding the true state of the world and
that their information is exclusive. Thus, 1" has a product structure, i.e., T := X;enT;
where t; € T; denotes the type of individual i € N. When individual 7 observes her type ¢;
at the interim stage, her choice (payoff) type 6; and her assessments (beliefs) about others’
types are determined. We let ©; be the set of all possible choice-types of individual ¢ and
assume that the realized choice-type of individual 7 is determined by the surjective function
V; Ty — 0;.° Let © := X;cny0; be the set of all choice-states. Individual i’s ez-post
choice correspondence at type profile t is described by cf(t) : X — 2%, with cf(t)(S) cSs
for all S € X where ¥(t) := (91(t1),...,0,(t,)). The ex-post environment denoted by
EP specifies the type space (T,9) = (T;,9;)ien as detailed above. We assume that E is

4Additional related contributions include Kucuksenel (2012), Ohashi (2012), Korpela and Lombardi
(2019), Barlo and Dalkiran (2022, 2023b), and Rubbini (2023).

°To analyze the robust implementation problem in the rational domain, Bergemann and Morris (2011)
considers type spaces where an individual’s type specifies not only her payoff type but also her probabilistic
beliefs about the types of the other individuals. This is why they define a type space as a triple T =
(T3, éi, 7;)ien wWhere 0, : T, — O, specifies the payoff type of individual i, and 7#; : T; — A(T-;) specifies
her beliefs about the types of the other individuals where 7;(t_; | t;) € [0,1] denotes the belief of individual
i of type t; about the other individuals’ type profile being ¢_;.



common knowledge among the individuals. We impose no restrictions on ex-post choices
such as WARP.® In particular, we allow individuals’ ex-post choices to be empty valued
unless explicitly stated otherwise.

We restrict attention to social choice functions (SCFs) determined solely by choice-
states as in Bergemann and Morris (2011). An SCF is h : © — X mapping O into X, and
we denote the set of all SCFs by H := {h | h: © — X}. Because a planner may consider
many socially optimal SCFs simultaneously, we consider social choice sets (SCSs). An
SCS F is a non-empty set of SCFs, i.e., FF C H and F # (; an SCF f € F specifies a
socially optimal alternative—as evaluated by the planner—for each choice-state.”

A mechanism is given by u = (M, g) where M; denotes individual i’s non-empty set of
messages with M = X;eyM;, and g : M — X describes the outcome function identifying
the alternative corresponding to each message profile. A mechanism induces an incomplete
information game form in our environment. Given the type space (7',1) specified by the
ex-post environment £, a strategy of individual ¢ in mechanism u, o; : T; — M;, specifies
a message for each type of i.

Individual i’s opportunity set of alternatives under mechanism p for a given message
profile of other individuals m_; € M_; equals O (m_;) := {g(m;,m_;) € X | m; € M,;}.

Any mechanism that implements an SCS under incomplete information must con-
sider individuals’ private information. However, individuals may be deceitful. Given
an ex-post environment, we denote a deception by individual ¢ as «; : T; — T;. Intu-
itively, «;(t;) can be thought of as individual i’s reported type. Consequently, a(t) :=
(a1(t), as(ts), ..., an(t,)) designates a profile of possibly deceitful reported types while
o' denotes the truthtelling profile, i.e., ald(t;) = t; for alli € N and all t; € T;. We denote
individual i’s set of all possible deceptions by A; and let A 1= X;enA;, Ay = Xz,
and a_i(t—;) == (0y;(t5)) -

3 Ex-post Behavioral Implementation

First, we present the definition of the concept of ex-post equilibrium in a given ex-post

environment:

6Sen (1971) shows that a choice correspondence satisfies WARP (and is represented by a complete
and transitive preference relation) if and only if it satisfies independence of irrelevant alternatives (ITA)
and an expansion consistency axiom (known as Sen’s ). Letting Z be the set of all non-empty subsets
of alternatives, we say that the choice correspondence ¢ : Z — Z satisfies (i) the ITA if z € SN ¢(T)
for some S, T € Z with S C T implies x € ¢(S5); (i) Sen’s 8 if z,y € S C T for some S,T € Z, and
x,y € ¢(S) implies z € ¢(T) if and only if y € ¢(T).

"We note that it is customary to denote a social choice rule as an SCS rather than a social choice cor-
respondence under incomplete information. We refer the interested reader to Postlewaite and Schmeidler
(1986), Palfrey and Srivastava (1987), Jackson (1991), and Bergemann and Morris (2008).



Definition 1. Given an ex-post environment and hence a type space (T,1), a strategy

profile o* = (o},...,0%) is an ex-post behavioral equilibrium (EBE) of mechanism

11 if for every type profile t € T, we have g(o*(t)) € ¢/ V(OM(o*,(t_;))) for alli € N.
In words, an EBE requires the outcomes generated by the mechanism be a (behavioral)
Nash equilibrium at every type profile, while individuals’ strategies have to be measurable

with respect to only their own types.®

Definition 2. Given an ex-post environment, an SCS F € F is ex-post behavioral
implementable if there exists a mechanism p such that

(i) for every f € F, there exists an EBE o* of p such that f o = goo*, and

(ii) for every EBE o* of u, there exists f € F' such that go o* = f o 4.

The following exemplifies the notion of ex-post behavioral implementation via a direct
mechanism in an ex-post environment with rational interdependent preferences where the
type profiles and choice-states are in one-to-one correspondence. The main purpose of
this example is to display how our necessary condition, ez-post consistency, deals with
deceptions that result in non-trivial complications even in this relatively straightforward

setting under incomplete information.”1°

Example 1. Let N = {1,2}, X = {x,y, 2z}, T; = {t;, t;} and ¥;(¢;) = 6; and ¥;(t;) = 6. for
both ¢ = 1,2. Table 1 details the rational interdependent ex-post preferences (rankings).

Ri010,) Ro010:) | Buops) Roop0s) | Buensy Roiensy | Bueney Rooe

T T z z z z Y Y
z z T T Y Y z z
Y Y Y Y x x x x

Table 1: Ex-post preferences

Using the construction that we present in Section 4, we see that in this example, the
only ex-post behavioral incentive efficient SCF f is given by f(61,0:) = x, f(61,05) =
f(07,02) = z, and f(07,05) =y, which we denote by (zzzy).

8 A message profile m* € M is a (behavioral) Nash equilibrium of p at t if g(m*) € ﬂiech(t) (O (m*)).

9In Section 5, we extend this example to a minimax-regret framework. In that setting, interim choices
violate WARP even though ex-post choices remain rational. More generally, allowing ex-post choices to
violate WARP while imposing a sure-thing-principle-type restriction linking interim and ex-post behavior
may lead to an impasse, as illustrated by de Clippel (2023) and discussed in detail in Appendix C.
Finally, motivated by the appeal of direct mechanisms, we provide an analysis of ex-post behavioral
implementation via direct mechanisms in Appendix B.

10Tn Appendix A, we present another example where ex-post choices violate WARP, an indirect mech-
anism ex-post behavioral implements a given SCS, and the revelation principle fails for EBE.



An intuitive interpretation of our example involves a firm’s headquarters (HQ, the
planner) consisting of two subdivisions (individuals) i = 1,2. The subdivisions are located
in two separate countries. The HQ needs to extract the state pertaining to the economic
outlook of country ¢ from each division separately. Each subdivision’s type is in one-
to-one correspondence with its country’s economic state (choice-type). Naturally, each
subdivision is informed about its type but not that of the other. Each country’s economic
state (and hence its subdivision’s choice-type) is either ‘good’ or ‘bad’ where 6; denotes the
former and 0 the latter. There are three possible firm-wide policies (alternatives) the HQ
is to adopt: expansion, contraction, and prudence, denoted by x, y, and z, respectively.

As subdivisions are parts of the same organization, their state-contingent (rational)
ex-post preferences equal one another at each choice-state, resulting in a common-value-
like setting with interdependent preferences. In particular, if both countries’ choice-types
are good, each subdivision ranks expansion strictly over prudence and prudence strictly
over contraction; if both countries’ choice-types are bad, each strictly prefers contraction
to prudence and prudence to expansion. On the other hand, if the choice-type of one
country is good and the other is bad, then each strictly top-ranks prudence while (i) if
country 2 (involving a bigger market when compared to that of country 1) is in a good
state, and country 1’s is bad, then each strictly ranks expansion over contraction; (ii)
otherwise, each strictly prefers contraction to prudence.

Intuitively, the HQ’s state-contingent goal, F' = {f}, involves expansion if both coun-
tries’ states are good, contraction if both countries’ states are bad, and prudence for every
other possible situation.

The informational advantages of ex-post implementation are evident in this example:
We do not need to specify subdivisions’ and the HQ’s beliefs about others’ types. Yet,
we see that the (direct) mechanism in Table 2 ex-post behavioral implements F = {f}.

Individual 2

Individual 1 #;

2z vy

Table 2: The mechanism that ex-post behavioral implements F' = {f}.

We wish to highlight that individuals’ ability to use deceptions results in complications:
Even when type profiles and choice-states are in one-to-one correspondence and we use
direct mechanisms, 16 SCFs emerge during the play of the mechanisms via deceptions.
To see such a complication, consider the strategy profile given by deception a'?) in Table
3 where both individuals ¢ = 1,2 claim to be of type ¢, regardless of their true types.
Then, the resulting SCF is (yyyy) as f(9(aV(t))) = £(60;,0,) =y forall t € T

Table 3 lists all deceptions and resulting SCFs, and establishes that the truthtelling
strategy profile, a9, is the only EBE of the direct mechanism. Under o', every type



) ai(t) aft) ax(®) | fovon| I | BITE | Conteome. | ontcome

ald t th to t) (r22y) - - - —
a? |4 th to ty (v212) (th,t5) 2 2 y
al®) t ) th th (zyzy) (t1,t2) 2 z x
al t ) th ts (zyx2) (), t5) 2 z Yy
a® |t t ta t) (vrzz) (th,t2) 1 x P
a® |4 t to ty (vz) (th,t2) 1 x 2
|y t t) t) (2222) (t1,t2) 2 2 x
a® |4 t t) ty (zzzw) (t1,t2) 2 2 x
a® th to th (zzyy) (ty,t2) 1 z x
a0 | ¢ th to ta (2222) (th,t5) 2 z y
alV |t th t) th (yyyy) (ty,t2) 1 y 2
a2 |t th t) ty (yyzz) (t1,t2) 2 y 2
ot t ty th (zzyz) (t1,t2) 1 z x
a |t t ts ts (zz2z) (t1,t2) 1 z x
a® ty th th (yzyz) (ty,t2) 1 y P
al® | ¢ ty th to (yzzzx) (ty,t2) 2 y 2

Table 3: Deception profiles and corresponding informants

of every individual reveals their type truthfully and obtains the commonly top-ranked
alternative at every state, establishing that o'¢ is an EBE of p. To see that there is no
other EBE strategy profile, consider a7 as an example, where both types of individual
1 claim to be of type t; while both types of individual 2 claim to be of type ;. Thus,
SCF (zzzz) emerges as z is the resulting alternative at every type profile. Consequently,
by conforming to o!”, individual 2 of type ¢ (who is to claim to be of type t}) obtains
the alternative z at type profile (¢1,t5). However, if individual 2 of type ty deviates to
truthtelling at the interim stage (and claim to be of type ts), she attains alternative x at
(t1,t2), top-ranked at that profile. So, individual 2 of type ¢, has a ‘strictly profitable’
deviation opportunity under a(” and hence can serve as an informant for this deception.'!

3.1 Necessity

A necessary condition for ex-post behavioral implementation is ex-post consistency:

Definition 3. Given an ex-post environment, a profile of sets of alternatives given by
S == (Si(f.0-:))ien, fer, 0_,co_, is ex-post consistent with the SCS F if for every
SCF f e F,

(i) foralli € N and allt € T, f(0(t)) € "D (S;(f,9_5(t_s))), and

(i) for any deception profile o and f ¢ F with f o = f o1 o, there are t* € T and
i* € N such that f(9(a(t*))) & e (Su (f, 9_ie (0= (£22)))).

1We discuss how these observations relate to ex-post consistency, our necessary condition, following
its definition below.




A profile of sets of alternatives S is ex-post consistent with an SCS F' if the following
hold: (i) Given any ¢ € N and any f € F and any ¢t € T', it must be that i’s ex-post choice
at ¥(t) from the corresponding choice set S;(f,¥_;(t_;)) contains f(¥(t)); (#4) given any
f € F, whenever there is a deception profile o that leads to an outcome not compatible
with the SCS, there exist a type profile t* and an informant i* such that f(J(a(t*))) is
not in the ex-post choice of i* at ¥(t*) from Sp(f, V_s (i (t*;4))).

To illustrate ex-post consistency through Example 1, we note that the profile of sets
S = (Si(f,0-))ien, rer, 6_co_, With Si(f,0;) = {x,z} and Si(f,0;) = {y, 2} for i,j =
1,2 with ¢ # j is ex-post consistent with the SCS F' = {f}. This follows from (%)
FO1),9(1))) = 2 € & ({,2}), JO(L), 9(1;)) = = € ) (. 2), FOI(0),9(E)) =
z € cf(ti’t;)({y, z}), f(O(#),9(t))) =y € cf(té’tg)({y, z}) for both ¢ = 1,2 while (i) for each
deception profile a®) for k = 2,...,16 leading to an SCF not aligned with SCS F, the
informant individual ¢* and the informant state ¢t* that satisfies (i7) of ex-post consistency
are as given in Table 3.

If mechanism g ex-post behavioral implements a given SCS F' in an ex-post environ-
ment, then for any SCF f € F, there is an EBE o/ of p such that fod = go o/.
Thus, for all t € T, g(of(t)) = fO) € Nienc’P(O"(07.(t_))). Defining S by
Si(f,9_i(t_y)) == O*(ol.(t_;)) for alli € N, f € F, and t € T implies (i) of ex-post
consistency of S with F. Further, if a deception profile « is such that for some f ¢ I we
have fo) = fodoa, then of oo cannot be an EBE of y; because otherwise, by (i7) of ex-
post implementability, f o = goofoa, which implies f € F, a contradiction. So, thereis a
type profile £* and an informant i* whose ex-post choice at 9J(t*) from O™ (o7 . (a_;- (t* .)))
(which equals S;- (f, 0;+ (- (t*,.)))) does not include f(I(a(t*))) = f(9(¢*)). This deliv-
ers (ii) of ex-post consistency of S with F'. This discussion proves the following necessity
result for ex-post behavioral implementation:

Theorem 1. Given an ex-post environment, if an SCS F' is ex-post behavioral imple-
mentable, then there is a profile of sets of alternatives ex-post consistent with F'.

To establish that our ex-post necessity result extends the analysis of Bergemann and
Morris (2008) to behavioral domains, we show that our necessary condition, ex-post con-
sistency, implies analogs of theirs: quasi-ex-post incentive compatibility and ex-post behav-
toral monotonicity. Notably, however, these two conditions together do not imply ex-post
consistency in the behavioral domain, as we demonstrate in Example 2. Then, we dis-
play that in the rational domain with utility representation, our quasi-ex-post incentive
compatibility and ex-post behavioral monotonicity are equivalent to the ex-post incen-

tive compatibility and ex-post monotonicity of Bergemann and Morris (2008). Further,

9



we prove that ex-post consistency is equivalent to ex-post monotonicity combined with
ex-post incentive compatibility in the rational domain with utility representation.

Given an ex-post environment, an SCS F' is quasi-ex-post incentive compatible if
for every SCF f € F', type profile t € T, and individual 7 € N, there is a set of alternatives
S € X such that f(0(t)) € /P(S) and f(O;,9_;(t_;)) C S where f(O;,9_i(t_;)) =
[F0L9-4(t-)) € X | 0] € O},

Proposition 1. Given an ezx-post environment, if there exists a profile of sets of alterna-
tives ex-post consistent with an SCS F, then F is quasi-ex-post incentive compatible.

To see the arguments needed to establish this result, let S := (S;(f,0_:))ien, fer 0 ;co_,
be a profile of sets of alternatives ex-post consistent with F'. Given any ¢t € T and i € N,
set S = S;(f,0_;(t=;)). By (i) of ex-post consistency, f(J(t)) € cf(t)(S), establish-
ing the first condition of quasi-ex-post incentive compatibility. Since f(0,9_;(t_;)) €
cgog’ﬁ’i(t’i))(Si(f, Y¥_;(t_;))) for each 0} € ©; by (i) of ex-post consistency, f(6;,1V_;(t_;)) €
S for each 0 € O,, establishing f(0;,9_;(t_;)) C S.

Given an ex-post environment, an SCS F' is ex-post behavioral monotonic if for
all SCF f € F, deception profile «, and f ¢ F with fo ¥ = fodoa, there is a type
profile t* € T, an individual i* € N, and a set of alternatives S* € X such that

() F(9((t")) & ¢i!*(57), and

(i1) (O, 9 (aie (7)) € o= O e gy o all 1, € @,

Proposition 2. Given an ezx-post environment, if there exists a profile of sets of alterna-
tives ex-post consistent with an SCS F, then F is ex-post behavioral monotonic.

Proposition 2 directly follows from the existence of a profile of sets of alternatives that
are ex-post consistent with the given SCS F": Given a profile of sets of alternatives S :=
(Si(f,0-:))ien, rer 0_,co_, ex-post consistent with F, let S* := Sp(f, V_i(av—i=(t_iv))).
Then, (i) of ex-post behavioral monotonicity follows from (ii) of ex-post consistency
while (i7) of ex-post behavioral monotonicity follows from (7) of ex-post consistency since
¥; - T; — ©; is surjective for all i € N.

However, quasi-ex-post incentive compatibility and ex-post behavioral monotonicity

do not imply ex-post consistency in behavioral domains as we demonstrate in Example 2.

Example 2. Let N = {1,2}, X = {x,y,z}, T1 = {1}, To = {t},t5}, ©; = {61},
Oy = {05, 05} with 9((t1,t,)) = (01, 6,) and 9((t1,t5)) = (61,04). Suppose SCS F' contains
a single SCF, i.e., F' = {f} with f(01,05) = x and f(01,05) = y. For our purposes, it
suffices to specify the ex-post choices of individual 1 and 2 as in Table 4.

10



(61,0 91795) AA0L0z) - (01.605)

| g
{z,y, 2} {:E} {iv} v} {#}
{2y} | =} {y} | v} {v}

Table 4: Ex-post choices of Individuals 1 and 2.

SCS F is quasi-ex-post incentive compatible: Observe that the ex-post choices of indi-
vidual 1 are fully aligned with SCF f. Thus, for both states letting S = {z, y, z}, satisfies
the required condition for individual 1, i.e., x € cg 103) ({z,y,z}) and y € c( vfs) ({x,y, z}).
On the other hand, the only set that individual 2 chooses z at (6y,65) that includes
f(01,02) = {z,y} is {z,y, z} whereas the only set that individual 2 chooses y at (01, 69)
that includes f(61,02) = {z,y} is {z,y}, i.e.,, x € c (01,0 ({ZE y,z})andy € c (01,03 ({x y}).

Next, we show that SCS F' satisfies ex—post behavioral monotonicity. Because there
is only one type of individual 1, there are only four possible deceptions. Table 5 presents
the informant state t*, the informant individual ¢*, and the informant set S* satisfying
(7) and (i7) of ex-post behavioral monotonicity for each of the deceptions that lead to an
outcome not aligned with SCS F' = {f}.

Informant Informant Informant
/ 7
ar(ty) oafty) oafty) fovoa state t* Individual * Set S*
'ty t ty (zy) - - -
@ 4t (em) (0,8 1 fe.y}
a® oty ty ty (yy) (t1, 1) 1 {z,y}
o ) (bt 1 {2}

Table 5: Deception profiles and corresponding informants

To see that no profile of sets is ex-post consistent with SCS F = {f}, suppose for
contradiction such a profile exists. Then, condition (i) of ex-post consistency for i = 2
and t = (tq,t5) 1mphes Sa(f,01)—the set associated with individual 2, SCF f, and 6,—
(0102 (Sz(f 61)). This means the only candidate for Sy(f,0;) is {z,y, z}.
However, condltlon (1) of ex-post consistency cannot then hold for i = 2 and ¢t = (¢1,t5),

aSy¢c(17

must satisfy x € ¢,

({z,y,z}). Consequently, such a Sa(f,6;) does not exist, proving our claim.

To analyze ex-post implementation in the rational domain when ex-post choices can
be rationalized by utility functions, we denote the utility of individual ¢ € N from al-
ternative x € X at payoff-state § € © by u;(z,0), and let ¢/(S) :== {y € S : w;(y,0) >
ui(x,0) for all z € S} for any S € X.'? Then, the necessary conditions of Bergemann and

Morris (2008) are as follows: An SCS F' is ex-post incentive compatible if for every

12Tt is well-known that WARP is equivalent to utility representation with finitely many alternatives,
while some additional regularity assumptions may be needed with infinitely many alternatives.
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f € Fandevery t € T, u;(f(9(t)),0(t)) > wi(f(0,,0_i(t_;)),V(t)) for all i € N and all
0) € ©;. Meanwhile, an SCS F' is ex-post monotonic if for any f € F, any «, and any
fgé F with fod = fodoa, there exist i € N, t € T, and y € X such that

(1) wily, 9(t)) > wi(f(I(alt))),I(t)), and
(1) wi(f(0;, V-i(a—i(t=))), (0}, V-i(a—i(t—))) = wily, (6}, 9_i(a_i(t—;))) for all §; € O;.

We now establish that in the rational domain with utility representation, the neces-
sary conditions of Bergemann and Morris (2008) are equivalent to our ex-post behavioral

monotonicity coupled with quasi-ex-post incentive compatibility.

Proposition 3. In the rational domain with utility representation, ex-post behavioral
monotonicity coupled with quasi-ex-post incentive compatibility is equivalent to ex-post
monotonicity coupled with ex-post incentive compatibility.

Proof of Proposition 3. The result follows from Claims 1 and 2.

Claim 1. In the rational domain with utility representation, quasi-ex-post incentive com-
patibility 1s equivalent to ex-post incentive compatibility.

Proof. Suppose that individuals’ ex-post choices are represented by utility functions. If
F' is quasi-ex-post incentive compatible, then for all f € F',allt € T, and all © € N, there
exists S € X such that f(©;,9_;(t_;)) C S and f(J(t)) € cf(t)(S). Hence, the defini-
tion of ¢’® under utility representation implies w;(f(9(t)), 9(t)) > w;(f(6),9_s(t_s)),I(t))
for all 0, € ©,, i.e., F' is ex-post incentive compatible. Conversely, if F' is ex-post in-
centive compatible, then for all f € F, all t € T, and all © € N, w;(f(¥(t)),d(t)) >
w;i(f(0;,9_;(t_;)),0(t)) for all 0, € ©;. Letting S = f(0;,9_;(t_;)) delivers the result. m

Claim 2. In the rational domain with utility representation, the following hold:
(1) if an SCS F is ex-post behavioral monotonic, then it is ex-post monotonic, and

(7i) if an SCS F is ex-post monotonic and ex-post incentive compatible, then it is ex-post
behavioral monotonic.

Proof. Suppose that individuals’ ex-post choices are represented by utility functions.
For (i), suppose for any f € F, any «, and any f ¢ F with f o9 = f o1 o «, there

existi € N, t € T, and S € X such that f(9(a(t))) ¢ ¢’V (S) while f(6),9_i(a_i(t_;))) €

cgeg’ﬂ’i(a’i(t’i)))(S) for all ¢, € ©;. Let y € ¢’(S). Then, by the definition of ex-post

choices cf(t) under utility representation, we have u;(y,9(t)) > w;(f(9(a(t)),d(t)) and

12



(P89 (o i(t))), (B9 i(ai(t-))) > uily, (B9 i(a_i(t))) for all 6/ € ©;. This
establishes that F' is ex-post monotonic.

For (ii), for any f € F, any a, and any f ¢ I with fo = fooa, there exist i € N,
t €T, and y € X such that u;(y,(t)) > w;(f(I((t))),I(t)) and w;(f(0), 0 _i(a—i(t_;))),
(0, 9-(a-i(t-0))) = ualy, (B Vi(as(t—)) for all 6] € O, Let § = F(O4, 9_s(a_s(t_:)))U
{y}. Note that f(J(a(t))) € S and (by the definition of ex-post choices) f(J(a(t))) ¢
cl?(t)(S). Since F' is ex-post incentive compatible by hypothesis, for all 8, € ©,; we have

(3

that u;(f(0}, 9-i(a-i(t-i))), (0, 0-i(a-i(t—))) = wi (0, 0-i(ai(t-))), (6, 9i(ai(t)))
for all 6; € ©; and u;(f(0},9_;(a_;(t—;))), (9’ V_i(ai(t))) > wi(y, (05,0 _(a_i(t_))).
Hence, f(0.,9_;(a_;(t-;))) € cl(-e F-slailt-s)) (S) for all 0, € ©;. Therefore, F' is ex-post

behavioral monotonic. m =

Finally, we show that ex-post monotonicity coupled with ex-post incentive compati-
bility (alternatively, ex-post behavioral monotonicity and quasi-ex-post incentive compat-

ibility) coincides with ex-post consistency under rationality with utility representation.

Proposition 4. In the rational domain with utility representation, there is a profile of
sets ex-post consistent with SCS F if and only if F is ex-post incentive compatible and
satisfies ex-post monotonicity.

Proof. (=) This direction follows from Propositions 1, 2, and 3.

(<) Suppose F' is ex-post incentive compatible and satisfies ex-post monotonicity. Let
R,y and P,y represent the weak and strict preferences of 7 that rationalizes i’s ex-
post choices. Consider the profile of sets S := (S;(f,0_:))ien, fer, 0_,co_, where for all
i€ N,all f €F, and all 0 € O, S;(f,0-:) = yco, LOS:i(f(0;,0-), (0;,0-;)) where
LOS(F(0,0-1), (81,0-5)) = {y € X | F(0,0_)) Riggro_, y} forall i € N, all f € F, and
all # € ©. By construction, for all 2 € N, all f € F, and all § € O, every alternative in
Si(f,0_i(t—;)) is in the lower-contour set of individual i for f(J(¢)) at J(¢). Hence, for all
ie NandallteT, f(V(t)) € cf(t)(Si(f, V_i(t-;))), i-e., (i) of ex-post consistency holds.

Let a be a deception such that f ¢ F with f ot = fo1doa. Then, by ex-post
monotonicity, there exist * € N, t* € T, and y € X such that y Py g f(0(a(t?)),
and f (0., Vi (i (t-ix))) Riz (07, 0_(a_s(t_))) Y for all O € OF. Therefore, we have
y € LOSu(f(0, Vs (a_p(t*;))), (0, 0 (i (t_ix)))) for all €. € O;. Then, y €
Si=(f,V_s(a_=(t*;.))) by construction. But, because y Pj gy f(¥(a(t*)) this implies
f(W(a(t?))) ¢ ciff*)(SZ (f,9_i(a_s=(t*;+)))). Therefore, there are t* € T and i* € N such
that f(9(a(t*)) ¢ 2 (S (f, 0_s (s (1)), i.e., (ii) of ex-post consistency holds. m

¥
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3.2 Sufficiency

We need the following to establish our sufficiency result:

Definition 4. The ex-post choice incompatibility holds in an ex-post environment if
forallteT, allz € X, all j € N, there is i* € N\ {j} such that = ¢ ¢ (X).

This condition implies some level of disagreement among individuals regarding their
ex-post choices at every type profile.
Ex-post choice incompatibility coupled with ex-post consistency is sufficient for ex-post

behavioral implementation:

Theorem 2. Suppose that the ex-post environment is such that n > 3 and the ex-post
choice incompatibility holds. Then, if there is a profile of sets of alternatives ex-post
consistent with SCS F, then F is ex-post behavioral implementable.

Before we proceed to the proof, we would like to note that under rationality, our
ex-post choice incompatibility is equivalent to the economic environment assumption of
Bergemann and Morris (2008).!% Consequently, thanks to Propositions 1, 2, 3, and 4,

Theorem 2 amounts to a behavioral analog of Bergemann and Morris’s Theorem 2.

Proof of Theorem 2. Suppose that n > 3 and the ex-post choice incompatibility
holds in the given ex-post environment. Consider SCS F' with which the profile of sets of
alternatives S := (S;(f,0_:))ien, fer, 0_,co_, is ex-post consistent.

We use the following mechanism p = (M, g): For each i € N, her set of messages is
M, = (FU {(7)}) X ©; x X x N, while a generic message is denoted by m; = (m}, 0;, z;, k;),
and the outcome function g : M — X is as specified in Table 6.

Rule 1: g(m) = f(0) it m; = (f,0;,-,-) for all i € N,
' NS if w; € S;(f,0-;), ifmi=(f0;, ) forallie N\ {j}
Rule 2 g(m) = { f(0;,6_;) otherwise. and m; = (mj,0;,x;,-) with m; # f,

Rule 3: ¢g(m) =z« where j* =5 . k; (mod n) otherwise.

Table 6: The outcome function of the mechanism.

Claim 3. For any f € F, there exists an EBE, o/, of p = (M, g) with f o = goo’.

13Ex-post choice incompatibility is equivalent to the behavioral version of Bergemann and Morris
(2008)’s economic environment assumption: For each ¢ € T and each z € X, there exist 4,j € N with
1 # j such that x ¢ c?(t)(X) and z ¢ c?(t) (X); i.e., at any type profile, any alternative can be ex-post

chosen from the set of all alternatives by at most n — 2 individuals.
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Proof. Let of(t;) = (f,9(t;),z,1) for each i € N and for some arbitrary = € X.
By Rule 1, we have g(o/(t)) = f(U(t)) for each t € T, ie., fod = gool. Ob-
serve that for any unilateral deviation by individual ¢ from o7, either Rule 1 or Rule
2 applies, i.e., Rule 3 is not attainable by any unilateral deviation from ¢/. By con-
struction, O*(o’.(t_;)) = Si(f,9_i(t_;)) for each t € T, i € N. Since, by (i) of
ex-post consistency, f(¥(t)) € (t)( Si(f,9_i(t_;))) for each i € N, we have for each
teT, gla/(9())) € f(t)(Of( T (t_)) for all i € N, i.e., o/ is an EBE of p such that
fov=goo/. m

Consider now any EBE ¢* of u denoted as o} (t;) = (m(t;), as(t;), x:(t;), ki(t;)) for
each i € N. That is, m; (t;) denotes either a flag—designated as ()—or the SCF proposed
by ¢ when her type is t;; «;(t;), the reported type of i when her type is t;; ;(t;), the
alternative proposed by i when her type is ¢;; and k;(t;), the number proposed by i when
her type is t;.

Claim 4. Under any EBE o* of u, Rule 1 must apply at each t € T, and hence there is
unique f € F with m}(t;) = f for alli € N and all t; € T;.

Proof. Suppose, for contradiction, that either Rule 2 or Rule 3 applies at some ¢ € © un-
der o*. If Rule 2 applies at £, by construction, we have O% (0 ;(t_;)) = S;(f, V_;(a—;(t_;)))
for the odd-man-out j € N and O¥(c*,(t_;)) = X for all i # j, i.e., for all the other
n — 1 individuals.'* On the other hand, if Rule 3 applies at ¢, we have, by construction,
Of(0*,(t_;)) = X for all i € N. In this case, simply let j = 1. Therefore, under both
Rule 2 and Rule 3, at least n — 1 individuals have the opportunity set X. Since o* is
an EBE of p, it follows that g(c*(f)) € cf@ (X) for all ¢ # j. Consequently, the desired
contradiction emerges due to ex-post choice incompatibility because there is no i* # j
with g(o*(f)) ¢ ¢/ (X).

As Rule 1 applies at every t € T under any EBE o* of u, due to the product structure
of T, there must be unique f € F with f;(¢;) = f for all i € N and all ¢; € T;. Hence, by

Rule 1, g(o*(t)) = f(¥(a(t))) for allt € T. m

Claim 5. For any EBE o* of p, f such that goo* = f o isin F.

Proof. Rule 1 applies at each t € T, and each i € N reports the type «;(t;) € T; as

the second entry of their messages at ¢ € T under o*. Consequently, f described in

4We note that an individual other than the odd-man-out may be unable to secure all alternatives
under Rule 2 unless the flag () is available—i.e., a transition from Rule 2 to Rule 3 may not be feasible
without the use of the flag. To illustrate this, consider the case where N = {1,2,3}, F = {f, f'}, and the
message profile is given by my = f, ms = f, and mg = f’. In this setting, individuals 1 and 2 cannot
trigger a transition to Rule 3 through unilateral deviations in the absence of the flag.
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the claim is such that fo ¥ = f o o« where f is the unanimously announced SCF
under o*. Then, by construction, at each t € T, Of(c*,(t—;)) = Si(f,V_i(a_i(t-:)))
for all i € N. By (ii) of ex-post consistency, if f ¢ F, then there are t* € T and
i* € N such that f(J(a(t"))) ¢ cf*(t*)(S,;*(f, V¥_i(a_p(t_;+)))). But this implies g(o*(t*)) ¢
AN O (0% . (t7,+))), a contradiction to o* being an EBE of 1. m m

4 Ex-post Behavioral Efficiency

In this section, we introduce a behavioral counterpart of ex-post incentive Pareto
efficiency of Holmstrom and Myerson (1983). Our construction parallels de Clippel (2014),
introducing the following efficiency notion in behavioral domains of complete information:
An alternative is behaviorally efficient at a state of the world if each individual has an
implicit opportunity set from which she chooses this alternative at that state, and each
alternative is in at least one of these implicit opportunity sets. Extending this efficiency
notion to incomplete information environments, we define ex-post behavioral efficiency by

demanding such SCFs result in behaviorally efficient alternatives at every type profile:

Definition 5. Given an ex-post environment, an SCF f : © — X is ex-post behavioral
efficient if there is a profile of sets of alternatives (Y;g)ienpco Such that

(1) forallie N and allt € T, f(V(t)) € c?(t)(Yw(t)), and
(ZZ) fOT all t € T, UZ‘GN}/;719(,5) =X.

We refer to the set of all ex-post behavioral efficient SCFs as the ex-post behavioral
efficient SCS and denote it as FE.

The FE SCS is non-empty whenever the ex-post choices are non-empty valued because
a behaviorally efficient alternative exists at every type profile (de Clippel, 2014).

An SCF f is ex-post Pareto efficient (in the rational domain) if there is no h € H
such that for some ¢ € T', we have h(9(t))P; o) f(D(t)) for all i € N1 We refer to the set
of all ex-post Pareto efficient SCF's as the ex-post Pareto efficient SCS and denote it
as FXPO.

The following lemma implies that ex-post behavioral efficiency extends ex-post Pareto

efficiency to behavioral domains:

Lemma 1. Given an ex-post environment, if individuals’ ex-post choices are rational,

then FE = EX PO.

15This notion is the weak version of ex-post Pareto efficiency in Holmstréom and Myerson (1983).
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Proof. Suppose individuals’ ex-post choices are rational so that for all i € N and t € T,
there exists a complete, transitive, and reflexive preference relation R; () such that for
any non-empty S C X, x € cf(t)(S) if and only if xR, y4)y for all y € S.

To see EXPO C FFE, let f be ex-post Pareto efficient and define, for all 7 and @,
Yio = LCS;o(f(0)) ={y € X | f(O)Ripy}. Since f(0) € Y,y and every element of Y; ¢ is
weakly worse than f(6), it follows that f(J(t)) € cf(t)(Yi,ﬁ(t)) for all ¢ and ¢, establishing
condition () of ex-post behavioral efficiency. Suppose, for contradiction, that there exist
t € T and y € X such that y ¢ Y, yq) for all i. Then yP, yq f(9(t)) for all . Define
h:0 — X by h(J(t)) =y and h(0') = f(¢) for all & # ¥(¢). This contradicts the ex-post
Pareto efficiency of f, and hence condition (7i) holds.

To see why FE C EXPO, let f be ex-post behaviorally efficient but not ex-post
Pareto efficient. Then there exist h : © — X and ¢ € T such that h(9(1))P, yq) f(9(1))
for all 7. By condition (iz), h(J(t)) € Y g for some j, implying f(J(%)) ¢ C‘?(E)()/j’ﬁ({)), a

contradiction to (7) of ex-post behaviorally efficiency. m

As we establish in our necessity result for ex-post behavioral implementation (Theorem
1), the existence of an ex-post consistent profile implies the quasi-ex-post incentive com-
patibility of the corresponding SCS (see Proposition 1). Therefore, quasi-ex-post incentive
compatibility arises as a necessary condition for ex-post behavioral implementation. This
is why we define a notion of ex-post behavioral incentive efficiency by restricting feasibility

based on quasi-ex-post incentive compatibility (as in Holmstrom and Myerson (1983)):

Definition 6. Given an ex-post environment, an SCF f : © — X is ex-post behavioral
incentive efficient if there is a profile of sets of alternatives (Yig ,)ieno_,co_, such that

(7) foralli € N and allt € T, f(V(t)) € c?(t)(Ywii(tii)), and
(ZZ) forallteT, Uz’GNY;,ﬂ,i(t,i) =X.

We refer to the set of all ex-post behavioral incentive efficient SCFs as the ex-post be-
havioral incentive efficient SCS and denote it as FIE.

The EIE SCS embeds quasi—ez-post incentive compatibility into the set of ex-post
efficient (E'E) social choice sets by requiring that the associated implicit opportunity sets
be independent of individuals’ private information. Formally, fix an SCF f € FIFE, a
type profile t € T, and an individual i € N and let S = (Y;f ﬁ,i(t,i))' Then condition (i)
of ex—post behavioral incentive efficiency implies that f satisfies quasi—ex-post incentive

compatibility. Hence, every SCF in the FIFE SCS is quasi—ex-post incentive compatible.
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In contrast to our approach, the incentive compatibility notion in Holmstréom and
Myerson involves the interim stage. In behavioral environments, its counterpart—quasi-
interim incentive compatibility (Barlo & Dalkiran, 2023a)—is not implied by quasi-ex-
post incentive compatibility.! Establishing a link requires an interim framework together
with a condition that connects interim and ex-post choices. This is precisely what we
do in Section 5, where we introduce Property STP*. This property, which holds under
rationality, requires that an act be chosen from a set of acts whenever, for every state,
the alternative realized by that act is selected ex-post from the collection of alternatives
supported by the acts in the set. Consequently, ez—post behavioral incentive efficiency is a
refinement of Holmstrom and Myerson’s ex-post incentive efficiency in rational domains.

Evidently, one cannot dispense with quasi-ex-post incentive compatibility, as it is a
necessary condition for implementation in the EBE. Crucially, we show that no further
restrictions are required to establish the implementability of the ETE SCS in EBE.

Proposition 5. Suppose the ex-post environment is such that n > 3, ex-post choice
incompatibility holds, and the EIE SCS is non-empty. Then, the EIE SCS is ex-post
behavioral implementable.

Proof. Let f € EIE, 0; € ©_;, and define S := (S;(f,0-1))ien. fer 0_,co_, DY
Si(f,0-;) = Y;f;ﬂ, for all + € N as the profile of implicit opportunity sets associated
with f as in Definition 6. Then, (7) of ex-post behavioral incentive efficiency implies
(1) of ex-post consistency. Suppose for some f ¢ FIE and deception profile o, we have
fo) = fooa. Consider the profile of sets (Yi,fa_,-(e_i))iGN’ Observe that, by (i) of ex-post
behavioral efficiency of SCF f, we have for all t € T, UiENYXﬂ,i(a,i(t,i)) = X. Therefore,
as f ¢ EIFE, (i) of ex-post behavioral efficiency cannot hold for f, which means there
are 7* and t* such that f(J(t*)) ¢ c?*(t*)(3/;{719_1_*(,)(_2_*(15;*))) while f(0(t*)) = f((a(t))).
Because Sfifa_i(e_i) = Si(f,a_;(0-;)) for all i € N, all @ € A, and all § € O, it follows that
f(W(a(tY))) ¢ cf*(t*)(Si*(f, V_s=(a_i=(t*,+)))), implying (ii) of ex-post consistency. Hence,

S is ex-post consistent with the ETFE SCS. The result follows from Theorem 2. m

To complement our positive implementability result, we conclude this section with the

following existence result:

Proposition 6. Given an ex-post environment, if there is a quasi-ex-post incentive com-
patible SCF f such that for anyt € T, there is an individual i* € N with f (0,0 _(t_ix)) €
cgfi*’ﬂ’i* (t’i*))(X) for all B € Oy, then the EIE SCS is non-empty.

16In the rational domain, quasi-interim incentive compatibility coincides with the interim incentive
compatibility of Holmstrém and Myerson.
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Proof. Let SCF f be quasi-ex-post incentive compatible and let the corresponding profile
of sets of alternatives be (S;¢)icnoco Where S; ¢ is the set of alternatives associated
with individual 7, SCF f, and type profile ¢ as specified in the definition of quasi-ex-
post incentive compatibility. Recall that f(©;,0_;(t_;)) C Sigw for alli € N and t €
T. Let the implicit opportunity set profile (Yig ,)ieng ,co_, be defined as follows: For
allt € T, Yig ., = Sipw for all i # i*(t), and Yy = X where i*(t)

is the individual as described in the statement of the proposition associated with type

—ax () (L_ax (o))

profile ¢. Then, (i) of ex-post behavioral incentive efficiency holds as for all ¢ € T,
5 (O 1y 0 —i% (2) (B i (1)) )

O V- (t-r0)) € oy T Ve 00y 0-in) for all Oiney € Oprey; and

for all ¢ # i*(t), f(Y(t)) € cf(t)(Sw(t)). Moreover, (ii) of ex-post behavioral efficiency

holds as for all t € T', UjenYip_,¢_,) = X since }/;*(t):ﬂ—i*(t)(t—i*(t)) =X.So, fEFEIE. m

5 Interim and Ex-post Choices, and The Sure Thing Principle

To relate interim and ex-post choices, we present the following preliminaries:

For any individual ¢ € N, an interim act is a; : T_; — X, a function mapping 7T_; into
X. We denote the set of all interim acts of individual ¢ by A;. The image set associated
with a set of acts A; C A; at t_; equals Ai(t_i) = {x € X | a;(t_;) = x for some a; €
Al} Given i € N, t; € T;, and a non-empty subset of acts S C A;, the interim choice of
individual i of type t; from the set of acts S is given by CY(S) C S. We wish to highlight
that individuals’ beliefs (assessments of others’ types at the interim stage) are embedded
into their interim choices.'”

To see that beliefs are embedded in individuals’ interim choices, consider the following
example in which interim choices do not depend on the (ex-post) choice-state: Let N =
{1,2}, X = {x,y}, T; = {t},t'}, and ©; = {0;} for both i = 1,2. Even though there
is one choice-type of both individuals, each individual has two types determining their
beliefs. Our setup allows Individual 1 of type ¢} choosing only (xz) from the set of acts
{{zx), (zy), (yz), (yy)} and Individual 1 of type ¢] choosing only (yy) from the same set

of acts where (ab) is the act a; : To — X with a;(t}) = a and a;(t;) = b.

17To illustrate this under rationality and Savage-Bayesian probabilistic sophistication, consider the sit-
uation when individuals’ ex-post choices are captured by state-contingent utilities (u;(z | 0))ien 0co,zex
where w;(z | ) is the utility individual ¢ obtains from alternative x at payoff-state §. Under the
standard Savage-Bayesian formulation, the interim beliefs (m;(t—; | t;))ienNteTit_;er., emerge where
mi(t—; | t;) € [0,1] denotes the belief of individual 7 of type t; about the other individuals’ type profile
being t_;. Then, we obtain the corresponding interim environment as follows: For any non-empty set of
acts S, the choice of individual ¢ of type ¢; equals

’ Zt €T, it | ) wi(a(t—) | 9s(t:), 9 (t—:))

Cli(S) = S e
‘() —{ae Zt co_, Milt—i | ti) ui(b(t—s) | Vs(t:), V(- ))forallbeS}'

19



We impose no restrictions on interim choices as in our ex-post analysis. In particular,
individuals’ interim choices are not necessarily non-empty valued. The resulting interim
environment £ is common knowledge among the individuals.

An SCF h : ® — X induces an associated act that individual ¢ of type t; faces:
h; ;. € A, defined by h;, (t_;) :== h(V;(t;),V_;(t_;)) for all t_; € T_;

Given a mechanism p = (M, g) and a strategy profile o, the set of acts individual 4
can unilaterally generate constitute individual i’s opportunity set of acts under p for o_;,

which is defined as follows:
Ol'(o_;) :={a; € A; | Im; € M; s.t. a;(t_;) = g(my,0_;(t_;)) for all t_; € T_;} .

Given individuals’ choices on interim acts, a natural equilibrium concept is as fol-
lows!®: A strategy profile 0* = (0})ien is a behavioral interim equilibrium (BIE) of
mechanism p = (M, g) if for all i € N and all ¢; € T;, hi, € Ci(O/(0;)), where hy,
is the interim act induced by SCF h* for individual i of type 6; so that h* o) = go o*.

*

Intuitively, o* is a BIE of p if any individual ¢ of any type t; chooses the interim act
generated by the prescribed action, o} (t;), from her opportunity set of acts corresponding

to others’ strategy profile o* .

5.1 Property STP*

A natural way to link EBE and BIE involves relating ex-post choices of individuals to
their interim choices via the following property, which is in the spirit of Savage (1972)’s
sure-thing principle and Property STP introduced by de Clippel (2023).

Definition 7. Given ex-post environment EP, the associated interim environment £ sat-
1sfies Property STP* if the following holds for each individual i € N and each of her type
t; € Ty: for all non-empty sets of acts A; C A; and all a; € A;, if a;(t_;) € ¢ ()(A (t_:))
for allt_; € T_;, then a; € Cfl(Ai).

Given an ex-post environment, its associated interim counterpart satisfies Property
STP* if the following holds: For any individual ¢ of any type t; and any subset of her acts,
Al, an act a; € A is in the interim choice of i of type t; from A whenever a; is such that
for any one of others’ type profile ¢_;, alternative a;(t_;) is in 7’s ex-post choice from the

set of alternatives Ai(t,i) (the image set associated with A, at t_;) at choice-state 9(t)."?

18See Saran (2011) and Barlo and Dalkiran (2023a).
9An immediate implication of Property STP* is the following: If a;(t_;) € cf(ti’t’i)(;&i(t,i)) for
all t_; € T_;, then a; € Cf‘([&z) whenever 9(t},t_;) = 9(t;,t_;) for all t_; € T_,. This is why the
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Under Property STP*, we obtain arguments similar to those of Bergemann and Morris
(2008) and justify the use of EBE in behavioral domains: Every EBE of mechanism p is a
BIE of ;1.2° That is, Property STP* is sufficient for every EBE of a mechanism p to be one
of its BIE. In any EBE, the ex-post no-regret property holds, i.e., “no agent would like to
change his message even if she were to know the true type profile of the remaining agents”
(Bergemann & Morris, 2008). Therefore, EBE constitutes a BIE featuring the ex-post
no-regret property under Property STP*. Furthermore, following Bergemann and Morris
(2011), we show that any EBE at a permissible type space induces an outcome equivalent
EBE and BIE at every permissible type space. See Appendix D for the formalities.

We note that Property STP* holds in the standard rational framework under Savage-
Bayesian probabilistic sophistication. On the other hand, the minimax-regret preferences
of Savage (1951) provide a setting in which the interim choices fail the IIA (and hence
WARP), while Property STP* is satisfied. Thus, the minimax-regret setting delivers an
interesting behavioral environment where the use of EBE is plausible.

In environments with the minimax-regret preferences, each type of each individual
chooses the act that minimizes her maximum regret. The regret of individual i of type
t; from act a; at type profile (¢;,t_;) equals the difference between the ex-post payoff i
obtains and her maximum ex-post payoff at this type profile, i.e., maxy g, (ui(ai(t—:) |
9(t))) —ui(a;(t—;) | 9(t)) where u;(x | ) denotes i’s ex-post payoff from alternative x at
choice-state 6. Hence, individual i of type t; weakly prefers act a; to act a; in a given set
of acts S; if

o en, [masges, (wal(e-) [ 90) — (o) | 900) )]

S MaX;_er, {maxa;'esi (ui(a’i’@-z-) | 9(t)) — wi(ai(t-s) | 19(75)))} _ W

Proposition 7. If ex-post environment £ and the associated interim environment £ are
related via minimax-regret preferences, then Property STP* holds.

Proof. Suppose ex-post environment £ and the associated interim environment £ are
related via minimax-regret preferences. That is, ex-post choices are represented by state-

contingent utility functions —they are rational and hence satisfy the ITA. Moreover, the

interim choices specified in the example at the beginning of this section cannot arise under Property
STP* whenever ex-post choices are non-empty valued: As 6 is the unique choice-state, c{({z,y}) must
either be {z} or {y} or {z,y}. In all these cases, the interim choices of Individual 1 of type t| and ¢/
being only (zz) and only (yy), respectively, violates Property STP*.

20Tt is easy to see that in general, a BIE of a mechanism need not be one of its EBE regardless of
whether or not Property STP* holds.
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interim choices can be represented as follows: For any pair of acts a; and a; in a given set
of acts S;, individual 7 of type t; weakly prefers a; to a; in S; if inequality (1) holds.
ﬁ(ti,t/

(A (t)) for all ., € T,
for some non-empty set of interim acts A;, then a* € Cf’(Az), i.e., Property STP* holds.

If for any individual 4 of type t;, we have a}(t’;) € ¢
This follows from af minimizing the maximum regret: wu;(a; (¢’ ;) | (9;(¢;),9_:(t",))) =
max, 4, )Wz | (0i(t:), 0-(t;))) for all ¢, So, for all ', max, 4, (ui(aj(t;) |
(D(t:), 0-i(t",))) — wi(ai(t—:) | (Vi(ts),9-i(t;)))) = 0, ie., ¢ of type t;’s maximum re-
gret from af at (;(¢;),9_;(t";))isOforallt’ , €T ;. m

Therefore, in the case of minimax-regret preferences, Property STP* holds even though
the interim choices are not necessarily rational (Saran, 2011; Barlo & Dalkiran, 2023a).
We refer the reader to Example 1 [continued] (p. 23) for a formal demonstration of interim
choices associated with minimax-regret preferences failing WARP.

Whether or not Property STP* is a necessary condition for every EBE of a mechanism
being one of its BIE emerges as a natural question. Below, we show that the answer is neg-
ative by providing an example (inspired by de Clippel (2023)) that involves a mechanism
where EBE and BIE coincide, but Property STP* fails to hold.

Example 3. Let N = {1,2}, X = {z,y,2}, Ty = {t}}, Th = {t1,£3}, ©, = {0i},
— {6},02) where 9(t}) = 6 for all i,j € N. We denote the act, a; : Ty — X,

individual 1 faces by (ab) where a;(t}) = a and a;(t3) = b with a,b € {x,y, 2}. As there

is only one type of individual 1, any act of individual 2 is an alternative, i.e., Ay = X.
Let the state-contingent payoffs and mechanism p be as in Table 7. Suppose that both

o | ( 9},01 (01, 63) Ind. 2
(u(ac|8,u2x|6’ (0,1) L R
(ui(y | 0), U2y 19)) (1,2) Ind. 1 Uz y
(u1(z | 0),us(2 | 0)) 1,0 (1,0) D|y =

Table 7: State-contingent payoffs and mechanism .

types of individual 2 are rational. The ex-post choices of individual 1 are rational, but at
the interim stage, individual 1 has an aversion against uncertainty in the sense that she
chooses an action that minimizes the maximum difference between her payoffs among all
possible states with respect to the stage-contingent payoffs in Table 7: For any A, C A,

Ol (A1) = arg min | s (anfau(t) | (64, 0a(12) — s (an(8) | 61,0205 ) |

ag €A1 t2 »tlg €T

To identify EBE of the mechanism in Table 7, consider the ex-post C_‘klloices of individ-
uals 1 and 2 given the stage-contingent payoffs in Table 7. Because c?(tl’t2)({x, y}) = {z},
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O(t1,13) 9(t1,t3) (t1,13)

D (L, gy = L}, SO () = (o}, and D ({a,y}) = {y}, there are two
EBEs of mechanism g both inducing SCF (zy): ¢® and o**) where O'§*)(i1) = U,
O'é*)(t%) = L, and O'é*) (t3) = R; aﬁ**)(tl) =D, O'é**)(t%) = R, and 02**) (t3) = L.

Next, considering the interim choices of individual 1, we see that C{' ({(zy), (yz)}) =
{{zy), (yz)} as the difference of individual 1’s payoffs under (zy) and (yz) are both 1.
Therefore, individual 1 is indifferent between choosing U or D in mechanism p. On the
other hand, because individual 2’s interim choices over acts are such that C;% {(x), () }) =
{(z)} and C;%({<:c>, O} = {{)}, c® and o) are the only BIEs of mechanism .

Therefore, every EBE of u is a BIE of u and every BIE of p is an EBE of p.

Finally, we note that Property STP* fails. To see why, consider interim choices of
individual 1 over Ay = {(zy), (yz), (z2)}. We have Ci*(A;) = {(22)} as the difference
of individual 1’s payoffs under (zz) is 0 whereas the differences of individual 1’s payoffs
under (zy) and (yz) are both 1. Further, Ai(t}) = Ay(t3) = {z,y,2} and ex-post
choices of individual 1 is such that cf(tl’té)({x,y,z}) = {z}, clf(tl’tg)({x,y, z}) = {y}, but
(zy) ¢ C(A) = {(22)}. Hence, Property STP* fails to hold.

Notwithstanding, we establish that ex-post behavioral implementability does not pre-
vent the emergence of bad BIE regardless of whether or not Property STP* holds. To do

that we use the minimax-regret setting and revisit Example 1.

Example 1 (continued). Recall that in this example, N = {1,2}, X = {x,y,z}, T; =
{t;, t}}, ©; = {0:,0:}, Vi(t;) = 6;, and 9,(t;) = 0} for all i = 1,2. Consequently, there are
four possible choice-states of the world, i.e., © = {0,0,,0,05,0,0,,0,05}. Table 8 details
the rational interdependent ex-post preferences, and Table 9 specifies the corresponding
payoffs for the minimax regret setting in which Property STP* holds. In this example,

Ri010,) Ro010) | Buops) Rooy0:) | Bueney Rogensy | Bueney Raoe

T T z z z z Y Y
z z T T Y Y z z
Y Y Y Y x x x x

Table 8: Ex-post preferences

| U000 () U2,000,00) () | U1,00,0) () o000 () | Unonon () Unor,05) () | oo () uaopem ()

z 1 1 0 0 —1 —1 —1 —1
y| —1+7 ~1 —1 ~1 0 0 1 1
2 0 0 1 1—¢ 1 1-¢ 0 0

Table 9: Ex-post payoffs
the unique ex-post behavioral incentive efficient SCF f is given by (zzzy).
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The interim choices fail WARP whenever 1 € (0,1): Consider individual 1 of type t;
such that 9,(¢;) = #; and note that her choices from the choice sets {(xx), (yz), (zy)}
(implying regret figures of (0,2), (2 —n,0), and (1, 1), resp.) and {(yz), (zy)} (resulting
in regret figures of (1 —n,0) and (0, 1), resp.) equal {(zy)} and {(yz)}, respectively. In
the above, an act that individual 1 of type ¢; faces is (ab) where a is the outcome of this
act when the type of individual 2 is £, € T} so that 192(1?2) = 6 while b corresponds to the
outcome of the same act if the type of individual 2 is 5 € T so that Jy(ts) = 65.2!

Recall that the direct mechanism given in Table 2 ex-post behavioral implements
F = {f}. However, this mechanism has a bad BIE whenever min{e,é} =0 and n < 1.

To see this, let ¢ = 0, n < 1, and consider the strategy profile where both types of
individual 1 claim to be of type t; while both types of individual 2 claim to be of type
L, which we refer to as a®), i.e., ag*)(tl) = ol (t)) = t; and ol (ty) = ol (t,) = t.
Thus, SCF (zzzz) emerges as z is the resulting alternative at every choice-state under
the direct mechanism. Therefore, each type of each individual obtains the act (zz) when
they conform to this strategy profile. Let us consider the deviations of each type of each
individual from this strategy profile one by one. (1,%;): The maximum regret of (zz)
is max{1,0} = 1. When individual 1 of type t; deviates and claims to be of type t],
she obtains (yy), which implies a maximum regret of max{2 — 7,1} = 2 — n. Therefore,
individual 1 of type t; does not have any incentives to deviate. (1,¢]): The maximum

regret of (zz) is max{0,1} = 1. When individual 1 of type ¢} deviates to truthtelling, she
obtains (yy), which implies a maximum regret of max{2,0} = 2. Hence, individual 1 of
type t} does not have any incentives to deviate as well. (2,¢3): The maximum regret of
(zz) is max{1,0} = 1. Individual 2 of type ¢y deviating to truthtelling delivers her the

act (xz), which implies a maximum regret of max{0,1 —¢} = 1 —e = 1. Thus, individual
2 of type ty does not have any incentive to deviate as € = 0. (2,¢}): The maximum regret
of (zz) is max{0,1} = 1. If individual 2 of type deviates and claims to be of type ta,
she obtains (zz), implying a maximum regret of max{2,2} = 2. So, individual 2 of type
t}, is also not willing to deviate from this strategy profile. Ergo, this strategy profile is a
bad BIE of the direct mechanism that induces the SCF (zzzz) ¢ F when € = 0. Similar
arguments imply that the following strategy profile is a bad BIE inducing (zzzz), an SCF
not aligned with ex-post incentive efficiency if € = 0 and 1 < 1: Both types of individual
1 claim to be of type | whereas both types of individual 2 claim to be of type ..

Now, we establish that any (direct or indirect) mechanism g implementing SCS F' =

21Recall that our interpretation of this example involves a headquarters (the planner) of a firm consisting
of two subdivisions (individuals), which are located in two separate countries. The type of a subdivision
reveals information about its country’s state (ex-post choice-type) but not that of the other as well as
beliefs about the other’s type. In the current version of the example, each subdivision evaluates the interim
acts via the minimax regret preferences (following ‘the regret minimization framework,” popularized by
Amazon CEO Jeff Bezos) after observing their own type. See https://www.linkedin.com/advice/0/what-
benefits-drawbacks-regret-minimization-framework.
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{{xzzy)} in EBE has a bad BIE that induces SCF (z22z) whenever ¢ = & = 0 and n < 1.%2
To see why let o/ be an EBE of 1 with goo/ = fo1) and consider a®. Then, fodoa =
(2222), and (zz), (22) € O (0 o oé*)) c {(xx), (yy), (z2)}, whereas (yy), (zz) € O4 (0] o
ag*)) C {(zx), (yy),(zz)}. It follows from the above analysis of the direct mechanism
that (z2) € CI(0%(0f o oaf™)) for all {1 € Ty if O¥(cf 0 o) = {(z2), (22)}, and (z2) €
C2(04(of o ai*))) for all &, = Ty if O%(of 0 al”) = {(yy), (22)}. Thus, it suffices to show
that (zz) € CH({(xz), (yy), (22)}) for all {; € T; and all i = 1,2. The maximum regret
figures of (zx), (yy), and (zz) associated with the set {(zx), (yy), (22)} are as follows: For
(1,%1), the respective maximum regret figures are 2, 2 — n, and 1; for (1,t}), they are 2,

2, and 1. For (2,t,), the respective maximum regret figures are 1 — e, 2, and 1; for (2,t}),

they are 2, 1 — &, and 1. So, (zz) € C?(Of(a{ o a§*))) for all #; € T; and all i,j = 1,2
with i # j when € = € = 0 and 1 < 1. Hence, we conclude that o/ o a® is a BIE of u
sustaining SCF (zzzz) ¢ F.

de Clippel (2023) presents a serious warning for the use of ex-post behavioral equilib-
rium in environments that involve ex-post choices failing rationality: The failure of the ITA
for ex-post choices is at odds with the plausibility of the ex-post behavioral equilibrium.??

The condition de Clippel (2023) analyzes, namely Property STP, is closely related
to our Property STP* but restricted to probabilistic sophistication. Property STP is
systematically violated when ex-post choices do not satisfy the IIA (and hence WARP).
In Appendix C, we discuss situations in which a contradiction along the lines of de Clippel
(2023) may emerge in our behavioral setting: To justify the use of EBE, one needs to
dismiss two states that are perceived to be equivalent or the interim choices being unique
up to the resulting equivalence classes (see Appendix C for further details).

We note that when ex-post choices satisfy the IIA, a contradiction a la de Clippel
cannot arise (even if interim choices fail WARP). Indeed, minimax-regret preferences

provide such a setting: the ex-post choices satisfy the IIA, but the interim choices do not.

5.2 An Indirect Approach via Property STP*

In this section, we provide an indirect derivation of ex-post consistency by linking

ex-post and interim environments using only Property STP*. This approach allows us to

22Tn Appendix B, we characterize situations in which direct mechanisms ex-post behavioral implement
given SCFs. In behavioral domains, direct mechanisms may lose their applicability not only because of
the existence of bad BIE but also due to the possible failure of the revelation principle (Saran, 2011).

23Many interesting behavioral settings involve ex-post choices failing the ITA, e.g., the rational shortlist
method of Manzini and Mariotti (2007); the choice under status-quo bias analyzed in Samuelson and
Zeckhauser (1988), Masatlioglu and Ok (2014), and Dean et al. (2017); the choice with attraction effect
as in Huber et al. (1982), de Clippel and Eliaz (2012), and Ok et al. (2015); committee choices with
Condorcet cycles as in Hurwicz (1986); among others.
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obtain our necessity and sufficiency results for ex-post behavioral implementation directly
from the corresponding interim results established in Barlo and Dalkiran (2023a).

We begin by deriving ex-post consistency—the necessary condition for ex-post behav-
ioral implementation—by relating it to interim consistency, which Barlo and Dalkiran
(2023a) identify as a necessary condition for behavioral interim implementation.?*

To this end, we associate each ex-post environment with a specific interim environment.
Let £°P be an ex-post environment specified by (T',9) = (71}, 9;);en, where each individual
1 € N makes ex-post choices from subsets of alternatives according to the correspondence

9(t)

C - X — 2% We construct the associated interim environment £* as follows. For each

individual i of type t; € T}, interim choices from any set of acts A; C A; are defined by
a; € C(A;) if and only if a;(t_;) € cgﬁ"(t")’ﬁ"’(t”))(Ai(t_i)) forallt_; e T;. (2)

In words, individual i chooses an act from A; if and only if for every possible type
profile of the other agents, the realization of that act is chosen from the corresponding
image of A, in the ex-post environment.

The interim choice correspondence Cf is empty-valued on A; whenever no act in A,
satisfies the requirement in (2).

We emphasize that the association between the interim and ex-post environments,
E* and &P, relies exclusively on Property STP*. As a consequence, the interim choices
induced in £* by (2) satisfy Property STP* by construction.

We now establish the equivalence between a mechanism’s EBE in £ and its BIE in

the associated interim environment £*.

Lemma 2. Let y be a mechanism and interim choices in E* be as in (2) given the ex-post
choices in EP. Then, o* is an EBE of p in EP if and only if o* is a BIFE of p in £*.

Proof. o* is an EBE of 1 in £ if and only if for all t € T', (goo™)(t) € cf(t)(Of(aii(t_i)))
for all i € N. By (2), this is equivalent to (g o o*);,, € Cli(O¥(c*,)) for all i € N and all
ti € T;, (ie., 0* is a BIE of p in £*) since O (c*,)(t—;) = O (c*,;(t—;)) and (g o 0%);y, is
given by (g @) O-*)i,ti (t_z) =go O'*(ti,t_i> for all t_i c T—i' |

Lemma 2 implies that an SCS F' is implementable in EBE in £ if and only if it is

implementable in BIE in £* whenever interim choices in £* are linked to the ex-post choices

in £ via (2). Consequently, Proposition 8 below establishes that ex-post consistency

24We thank an anonymous reviewer for suggesting this approach. The reviewer correctly observed that
transforming an ex-post environment into a suitably defined interim environment via a sure-thing—type
condition yields equivalent results through an indirect route.
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in an ex-post environment £ is equivalent to the interim consistency in the interim
environment £* associated via (2). As SCFs depend only on choice states in our current

setup, the interim consistency of Barlo and Dalkiran (2023a) takes the following form:

Definition 8. A profile of sets of acts (Si(f, a-i))ien. jer, a_,en_, S interim consistent
with SCS F if

1. it is closed under deception, i.e., a; € S;(f,a_;) implies a; 0 a_; € S;(f,a_; 0 a_;)
foralli e N, all f € F, and all a_;,a_; € A_;; and

2. for every SCF f € F,

(i) for alli € N and all t; € T; such that 9;(t;) = 6;, fi5. € C(Si(f, '), and

(i1) for anya € A and f ¢ F with fo) = fodoa, there exist i* € N and 0% € O,
such that £ ;. ¢ Cl (Si+(f, o)) for some t € Ty with ¥y (t) = 07,

where acts £i9, : Ty — X and £ p. : T_j» — X are defined as follows: £, (t_;) =
f(el,ﬂ,l(t,l)) fOT‘ all t_; € T,Z’, and fﬁ,@ﬁ (t,i*) = f(Qf*,ﬁ,l* (CY,i* (t,l*))) fOT‘ all
t_i €T s+ and all a_;+ € A_j+.

Proposition 8. Let interim choices in E* be as in (2) given the ex-post choices in EP.
There is a profile of sets of acts interim consistent with SCS F in £* if and only if there
1s a profile of sets of alternatives that is ex-post consistent with SCS F in E°P.

Proof. Observe that the interim choices of individual ¢ of type t; defined by (2) in £*
depend only on the (ex-post) image sets of acts. That is, for any ¢ € N, t; € T;, and
any two sets of acts, Ai,Ai C A, with Ai(t,i) = Ai(t,i) for all t_; € T_;, we have
a; € Cli(A,) if and only if a; € C%(A;). This implies that without a loss of generality,

we may restrict attention to a setting where ¥; : T; — ©; is a bijection for all 7z € V.

(=) Let (Si(f,-i))ien, fer a_,en_, Pe a profile of sets of acts interim consistent with
SCS F in &£*. Define the profile of sets of alternatives S := (S;(f,0-;))ien, fer, 0_,co_; a8
follows: S;(f,0_;) := Si(f, %) (t_;) for t_; € T_; such that ¥_;(t_;) = 0_;.

Then, by 2.(7) of interim consistency, for all i € N and all t; € T; with 9;(¢;) = 0;,
f,0. € C(Si(f,a!,)). By (2), this is equivalent to for alli € N and all §; € O, f,4,(t_;) €
AP0 (g (f i) (t_,)) for all t_; € Ty Asforalli € N and all t; € T}, 9;(t;) = 6,
we have f(6;,9_;(t_;)) € cﬁei’ﬂ*i(t*i”(si(f, o) (t_y)) forallt_; € T-;. So, foralli € N and
0; € O, f(0;,9-i(t=;)) = f(0) € L(Si(f,a'%,)(t—;)). Hence, for all i € N and all 6 € O,
F(0) € £(Si(f,0-)). Thus, for all i € N and all t € T, f(9(t)) € "D (S;(f,0_5(t_))),

ie., S = (Si(f,0-i))ien, rer, o_,co_, satisfies (i) of ex-post consistency.
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By 2.(4) of interim consistency, for any o € A and f ¢ F with fod = fod o a,
there exists i* € N and 0. € ©;- such that fZ,. ¢ Cl" (Si(f, a_)) for some t;- €
Ty with Vi (te) = 0, where £2 . (t2) = f(05, 0 i-(a_is(t_i-))) for all t ;o € Ty,
By (2), this holds if and only if there is 7 . € T s such that f(0%,9 (o s (F:-)))
¢ cgf;*’mi*(t%*))(si*(f, a_i)(t_i)). Si(f,a_i) = Si-(f, % o a_s) by closedness un-

der deception, so, Si-(f, a_i-)(f_i) = Si(f, 0% 0 a_u(t_i) = Si=(f, %) (@i (f-iv)).

Thus, f(8,0— (0 (i-i0))) i not in ¢ " (S, (f 0l ) (0 (ir))). Let #° =

(ti,t*;.) € T be such that V(- (t5)) = 05 and t*,. = t_. Hence, f(9(a(t?))) ¢
c?*(t*)(Si*(f, O_i-(a_i+(t*2)))). In sum, for any @ € A and f ¢ F with fod = fodoa,
there are t* € T and i* € N such that f(0(a(t*))) & " (Sp (f, 0 s (o= (t72)))) iee.,

S = (Si(f,0-:))ien, fer, o_,co_, satisfies (i) of ex-post consistency.

(<) Let S := (Si(f,0-:))ien, fer, 0_,co_, be a profile of sets of alternatives ex-post consis-
tent with SCS F'in £P. Define the profile of sets of acts (Si(f, @-i));en. fer, a_,en_, s fol-
lows: S;(f,a'y) = {a; € A; | a;(t;) € Si(f,0_;) forallt_; € T_; with 9_;(t_;) = 0_;};
and for all a_; € A_;, let S;(f,a;) == {a;0a_; | a; € S;(f,a'%)}. That is, the acts
in S;(f,a_;) are the acts in S;(f, &'4) garbled with the deception a_;. Observe that, by
construction, S;(f,al%)(t_;) = Si(f,0_;) for every t_; € T_; such that ¥_;(t_;) = 0_,.
Furthermore, the profile of sets of acts (S;(f, a-i));cn. fer a_,ea_, 15 closed under decep-
tion since a; € S;(f,a_;) implies a; = &; o a_; for some &; € S;(f, a'%,), which implies for
any a_; € A_;,a,0a_; =a;,0a_;0da_; €S;(f,a_joa_;) since a; € S;(f,a'?).

Next, observe that, by (i) of ex-post consistency, for all f € F, all i € N, and
all t € T, f(O()) € PD(S,(f,9_i(t_;))). Hence, for all i € N and all ¢; € T} with
Oi(t;) = 0;, £, (t_5) € " P==0N(S,(f 0id)(¢_,)) for all t_; € T, By (2), this implies
that for all i« € N and all t; € T; with ¥;(¢;) = 0;, £, € CY(Si(f,a')), which means
(Si(f,=i))ien. fer, a_en_, satisfies 2.(i) of interim consistency.

Finally, by (ii) of ex-post consistency, for any o € A and f ¢ F with fod = fovoq,
there are t* € T and ¢* € N such that f(J(«(t"))) ¢ cf*(t*)(Si*(f, V(= (t*,+)))). This
implies, by (2), that there are i* € N and 0;. € ©;- such that fZ ,. ¢ Cl (Si-(f, i)
for some t € Ty with s (tir) = 0% since Sy (f, s )(t 1) = S (f, 9—ss (a_ss (t7,2)) by
construction. Thus, (Si(f, a-i))icy. jer o_,en_, Satisfies 2.(7) of interim consistency. m

The above results show that our necessity result, Theorem 1, can be obtained as a
corollary of the necessity result of Barlo and Dalkiran (2023a). This interim analysis,

however, relies on substantially heavier machinery. Focusing directly on ex-post behavior

allows us to isolate the essential restriction in a transparent manner, yielding a concise
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and self-contained proof—presented in a single paragraph within the main text.

Ex-post consistency and interim consistency are fundamentally distinct concepts when
interim choices are non-empty valued: In Example 1 [continued] (p. 23), using minimax
regret preferences (which imply non-empty interim choices), we show that the unique ex-
post behavioral incentive efficient SCS is implementable in EBE but not in BIE, due to the
emergence of a “bad” BIE not aligned with ex-post behavioral incentive efficiency. In fact,
as we show in this example, when ¢ = € = 0 and n < 1, no direct or indirect mechanism
implements the unique ex-post behavioral incentive efficient SCS in BIE. Indeed, there
is no interim consistent profile of sets of acts in this example. However, the ex-post
consistent profile of sets of alternatives exists as this SCS is implementable in EBE.

One can also obtain our sufficiency result, Theorem 2, from the sufficiency result of
Barlo and Dalkiran (2023a). This is because if ex-post choice incompatibility condition
holds in £, then interim choice incompatibility of Barlo and Dalkiran (2023a) holds in
&* for the interim choices defined by (2). We prove this result below after presenting the
interim choice incompatibility condition of Barlo and Dalkiran (2023a) tailored to our

current setting where SCFs depend only on choice states:

Definition 9. The interim choice incompatibility holds in an interim environment
E whenever the following holds: If for any SCF h € H and any t € T, a profile of sets of

acts (A;)ien is such that
(i) for alli € N, h; .5,y € A; where hy iy (t_i) = h(Vi(5),9_i(t_:)) for all t_; € T,
(i1) there is j € N such that for alli € N\ {j}, As(t_;) = X,

then there is i* € N\ {j} such that hy g,i..) ¢ Cfi* (Aj).

Proposition 9. Given an ex-post environment EP, let £ be the interim environment
associated via (2). Then, ex-post choice incompatibility in EP implies interim choice
incompatibility in £*.

Proof. Suppose ex-post choice incompatibility holds in £, i.e., for allt € T, all x € X,
all j € N, there is * € N\ {j} such that x ¢ c?*(t)(X ). This implies the interim choices
defined by (2) in £* are such that the following hold: for all ¢ € T, all x € X, and all
j € N, there is i* € N\ {j} such that if A;-(t_;) = X for some A; C A;e, then i* of
type tf cannot choose any a; € A, with a; (t_#) = x from A Let SCFhe H, T €T,
and a profile of sets of acts (A;)iey be such that (i) and (i) in Definition 9 of interim
choice incompatibility hold, and consider the same ¢t € T, the same j € N. Suppose, for
a contradiction, for all ¢ € N\ {j}, we have h;,i,) € Cl(A,). Let h(9(f)) = x. Then,
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for all i € N, h; . (t—;) = 2. It follows from (i) of Definition 9 that for all i € N\ {j},
h; 9,3 (t-i) € A,(t_;). Because h; g, € CE(AZ), by (2), it follows that for alli € N\{j},
z € "D (A,(f_;)). Since, by (ii) of Definition 9, A;(7_;) = X for all i € N\ {j}, it follows
that for alli € N\ {j}, x € cf@(X ). But, this contradicts ex-post choice incompatibility
since for £, z and j € N, there does not exists i* such that z ¢ cﬁ(t)(X). |

7*

6 Concluding Remarks

In this paper, we have studied ex-post behavioral implementation without requiring
individuals’ ex-post and interim choices to satisfy the weak axiom of revealed prefer-
ences. Our analysis offers novel insights into behavioral mechanism design, particularly
in settings where information asymmetries are inescapable.

Our results can be viewed as the behavioral counterpart of Bergemann and Morris
(2008), which investigates ex-post implementation in rational domains, and as the ex-post
analogue of de Clippel (2014) and Barlo and Dalkiran (2023a), which study behavioral
implementation under complete information and behavioral interim implementation under
incomplete information without any ex-post considerations, respectively.

We establish necessary as well as sufficient conditions for the ex-post behavioral im-
plementation of social choice rules. As an application, we adapt the ex-post incentive
efficiency of Holmstrom and Myerson (1983) to behavioral domains and show that it is
fully ex-post behavioral implementable under mild conditions.

We hope our findings contribute to a deeper understanding of behavioral implemen-

tation and its practical relevance in environments with asymmetric information.
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Appendix

A An Expositional Example

The following example aims to illustrate how to work out whether or not a given SCS
is ex-post behavioral implementable, where individuals’ ex-post choices fail WARP.

Individuals’ choices involve three types of behavioral biases: (1) attraction effect, (2)
status-quo bias, and (3) Condorcet cycles. Indeed, the example demonstrates that one can
achieve ex-post behavioral implementation with different behavioral biases in different
states of the world. Two individuals, Ann and Bob, are to decide what type of energy to
employ or jointly invest in, be it coal energy, nuclear energy, or solar energy. Thus, the
grand set of alternatives is X = {coal, nuclear, solar}.>® Suppose that T; = {t;,t!} and
©; = {pi,vi} with ¥;(t)) = p; and 9;(t!) = =, for both ¢ € {A, B}. The ex-post choices
of Ann and Bob at choice-state § € © are described by ¢% : X — X, and ¢ : X — X.
Table 10 pinpoints the specific choices where ¢ stands for coal, n for nuclear power, and

s for solar energy.

S

(p4,pB) (pa,pB)
Ca Cp

(pA 773)
Ca

(pA773)
Cp

(7a.pB)
Ca

(Ya.pB)
Cp

(FYA ,YB )
Ca

(FYA ,YB )
Cp

{c,n, s}
{e,n}
{c, s}
{n, s}

{ny  {s}
{ny  {n}
{e.sy {s}
{ny  {s}

{n}
{n}
{s}
{s}

{n}
{n}
{s}
{s}

{n}

{n}

{c}
{n, s}

{c}

{c}

{c}
{n, s}

{c, s}
{n}
{c}
{s}

{n, s}
{c}
{s}
{s}

Table 10: Ex-post choices of Ann and Bob.

At choice-state (pa, pp), Ann’s ex-post choices can be rationalized by the preference
relation n =4 ¢ ~4 s, and Bob’s by s =5 n =5 c¢. The identical ex-post choices of
Ann and Bob at (pa,7p) can be explained by the attraction effect, one of the commonly
observed behavioral biases. On the other hand, at state (v, pp), Bob’s ex-post choices
can be rationalized by the preference relation ¢ =g s ~g n, whereas Ann’s ex-post choices
feature a status-quo bias where the status-quo is ¢. Finally, at choice-state (y4,75), the
ex-post choices of Ann and Bob can be explained by ‘groups as participants:” As the
aggregation of individual preferences, neither of these ex-post choices can be rationalized
by a complete and transitive preference relation because they violate both the ITA and

Sen’s 3, and Ann’s ex-post choices lead to a Condorcet cycle.

25Ann and Bob can also be interpreted as regions A and B within the same legislation, such as two
states in the U.S. or two countries in the E.U. In his Nobel Prize Lecture “Mechanism Design: How
to Implement Social Goals” (December 8, 2007), Eric Maskin provides an example in which an energy
authority “is charged with choosing the type of energy to be used by Alice and Bob.”
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Our model allows individuals’ ex-post choices to be interdependent: between choice-
states (pa, pg) and (pa,vp), Ann’s private information (type t') does not change; yet, the
ex-post choice behavior of Ann is not identical at these two states.

The planner aims to implement the SCS, F' = {f, f'}, described in Table 11. We note

that SCF f is ex-post behavioral incentive efficient while SCF f is quasi-ex-post incentive

compatible but not ex-post behavioral incentive efficient.?
(pa,ps) | (pa,y8) | (vaspB) | (vasvB)
f n n n S
1! s s c c

Table 11: The social choice set F' for Ann and Bob.

We now show that the following indirect mechanism p = (M, g) fully ex-post behav-
ioral implements the SCS F = {f, f'}, described in Table 11: M, = {U, M, D} and
Mp ={L,M,R}; g: M — X is described in Table 12.

Bob
|L M R
Uln ¢ n
Ann M|lc s ¢
D|in s s

Table 12: The mechanism p for Ann and Bob.

Claim 6. The strategy profiles o’ = (o's,0%), o™ = (o, 0), and o = (o'}*, o7})
described below are the only EBE of the mechanism p = (M,g), where the outcomes
generated under " and 0" are equivalent, i.e., g(a"*(t)) = g(c""*(t)) for each t € T

7 G =U i) =D and () =L oplty) = R

o o oty =D oY) =U and ofF(ty)=M oF{th) =M,

o™ o ) =M o) =U and of(ty) =M o5 (th) = M.

Table 13 summarizes the EBE outcomes of ;1 where message profiles corresponding to

o’ are depicted with circles while those associated with ¢”* are indicated with squares

"™ with diamonds in the corresponding cells.

and those corresponding to o
We observe that g(o”*(t)) = f(t) for each t € T, and g(c”*(t)) = g(c”*(t)) = f'(t) for

each t € T. Thus, p fully ex-post behavioral implements the SCS F'.

26To see why SCF f is ex-post behavioral incentive efficient, observe that sets Yaps =Yan~s ={c,n,s},
Yg . ={c,n}, and Y, = {n, s} satisfy (i) and (4¢) of Definition 6. To see why SCF f’ is not ex-post
behavioral incentive efficient, note that to satisfy (¢) of Definition 6, we must have Y4 ,, =Yg ,, = {c, s}.
But, then (i) of Definition 6 cannot hold since at (t)y,t%), Ya9,11,) U YBoar,) = 168} # X.
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Ot Up) = (paspp) | (s, t5) = (pa,yp) | O lp) = (va,pp) | 04, 18) = (Va,78)

| L M R L M R L M R L M R
U@cn Unc@
Mc<s>c Mc<5>c
D | n [s] s D|n [s] s

Table 13: Ex-post equilibria and ex-post equilibrium outcomes of the mechanism.

Proof of Claim 6. We identify all EBE of u = (M, g) described in Table 12 by a
case-by-case analysis of what Ann plays when her type is t/;.

Let 0* be an EBE of ;1 = (M, g). There are three possible cases for ¢%(t'y) which can
be either U or M or D.
Case 1. If 0% (t/y) = U: Then, O%(c%(t,)) = {e,n}. At (pa,ps) and (pa,vs), Bob
chooses n from the set {¢,n}. Thus, o}(tz) and o} (t%) must be either L or R.
Subcase 1.1. If o5(t’y) = L and o§(t;) = L: Then, g(c*(ty,t)) =n = g(o*(t'y,t%)). We
have O (o5 (t)s)) = OL(o5(t}h)) = {c,n}. At (ya, pp) and at (74, 7v5), Ann chooses n from
{¢,n} which implies 0% (t/y) must be U or D. If ¢%(t))) = U, then O%(c%(t})) = {c,n},
which contradicts o5(t%;) = L as Bob chooses ¢ from {¢,n} at (v4,75). On the other
hand, if 0% (t")) = D, then O’%(c%(t"})) = {n, s} but this contradicts with o} (t) = L as
Bob chooses s from {n, s} at (y4,7vs). Thus, we cannot have o5 (ts) = L and o5(t;) = L.
Subcase 1.2. If o5;(t)3) = L and o5(t;) = R: Then, g(c*(t's,ts)) = n = g(o*(t'y,t})). We
have O (0%(ts)) = {e,n} and O4(o5(t})) = {c,n,s}. At (ya,pp), Ann chooses n from
{¢,n}, which implies ¢ (t"y) must be either U or D. At (vya,7vp), Ann chooses ¢ and s
from {c,n, s}, which implies % (¢"y) must be M or D. So, o%(t"y) = D.

Indeed, the following observations imply that our first EBE is ¢’* such that o’j(pa) =
U, 04(va) = D, and o5(pp) = L, 05(v8) = R

At (paspp) = € ({en}) = g(0" (th, 1) € " (Oh(o

n € i ({en}) = g(o™(ty, 1)) € b (Ol(

At (pa,E) © ne P ({e,n,s}) = g(o”*(ty, th)) € {77 (04 (o
{e.n}) = g(o" (s, th)) € ¥ (O (o5 (1

(

(

( AN
At (ya,p8) © n €M ({en}) = g(0™ (1)) € 4P (O (ah(ty))

( ACAA)

: \

(

5(tB))),
)
t5))),

o4 (ts
B(

ne CgA YB)

n€ g ({n,s}) = g(o” (th.ty)) € g7 (O (o (4
At (ya,7B) @ s € C(M B) {e,m,s}) = g(o™ (4, t}h)) € c(m WB)(OZ

s € CSBWA YB)

5(tg)));

)
)
%)
).
),
).

(o (th)

{n,s}) = g(o™ (4. t})) € G (O (5 (t4))).
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Subcase 1.3. If 05(t)5) = R and o5(t)) = L: Then, g(c*(t'y,ts)) = n = g(a*(t'y,1%)). We
have O (o%(ts)) = {c,n, s} and O4(o5(t})) = {c,n}. At (ya,pB), Ann chooses n from
{¢,n, s}, which implies ¢ (#"4) must be U. On the other hand, at (v4,7y5), Ann chooses n

from {c,n}, which implies o7 (¢"y) must be U or D. Therefore, we must have o’ (")) = U.
This implies O% (0% (1)) = {¢,n}. But, at (4, p), Bob chooses ¢ from {c, n} even though
it would be g(o*(ty,t3)) = n, a contradiction. Hence, we cannot have o}(t)3) = R and
o3 (th) = L.

Subcase 1.4. If o5;(ts) = R and o5(t;) = R: Then, g(o*(ty,ts)) = n = g(o*(t'y,t%)).
We have O (05(tz)) = O4(o%5(t%)) = {c,n, s}. At (ya, pB), Ann chooses n from {c, n, s},
o

which implies o7 (ty) must be U. But, at (y4,7vs), Ann chooses ¢ and s from {c,n, s},

which implies o7 (#/y) must be either M or D, a contradiction. Therefore, we cannot have
o5(ts) = R and o5(t}) = R.
Case 2. If 0% (t/y) = M: Then, O%(c%(ty)) = {c,s}. At (pa,ps) and (pa,vs), Bob
chooses s from the set {c,s}. Therefore, o5(t)s) and o}(¢};) must both be M. Then,
Oh(o3(ty)) = O (o5(t%)) = {c, s}. At (va,pp) and (v4,v5) Ann chooses ¢ from the set
{c, s}, which implies it must be that o%(t’y) = U.

Then, the following observations imply that our second EBE is o”* such that o/{*(t,) =
M, o'*(ty) = U, and of*(t)s) = M, o*(t}) = M

At (pa,pp) © s € ({es}) = (0" (ty, 1)) € XM (04 (o (Es))),
s € e ({e,s}) = g0 (), 1)) € EATPN (OB (a4 (E))))-
At (pa,yp) © s € ({e,s}) = (0"t th)) € YMT(OL(ah (Eh))),
s € ({e,s}) = g0 (th.th)) € TP (Oh (4" (£y))).
At (ya.p) 1 €M ({e,s}) = g(o™ (th.th)) € TP (O4 (0 (),
ce g ({en}) = g(o”(th.ty)) € G (O (a4 (1))
At (ya,78) ¢ c €M ({e s} = g(0" (th.th) € T (OL (ol (th))),
c €™ ({e,n}) = g(o"(th.th)) € g (O (4" (th)))-

Case 3. If 0% (t/y) = D: Then, O%(c%(ty)) = {n,s}. At (pa,ps) and (pa,ys), Bob
chooses s from the set {n, s}. Therefore, oj(t’s) and o} (t;) must be either M or R.
Subcase 3.1. If o5(t)5) = M and o5(ts) = M: So, g(o*(t'y, 1)) = s = g(o*(ty, t)5)). We
have O (o%(ts)) = O (o%(t%)) = {c,s}. At (ya,p5) and (y4,78), Ann chooses ¢ from
{c, s}, which implies it must be o (t}) = U.

Indeed, the following observations imply that our third EBE is ¢”* such that ¢’} (pa) =
D, oy (ya) = U, and 0% (pp) = M, o' (y8) = M.
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At (pa,pp) s € ({e,s}) = g<a”*<tA,tB>>eeSfA’PB%ox( 5 (t)),
s € ({n,s}) = (0" (th, ) € cP (O (a5 (1)))).
At (pa,yp) @ s € ({e,s}) = g0 (Ey.th) € :W(o;(a;;*(t;;))),
s € ({n,s}) = g(0"* (ty, 1)) € PN (O (o (1)),
At (ya.pp) © c €M ({e,s)) = g(a"*(tA,tB>>ec“’pB (O4 (0% (1)),
c€ g ({e,n}) = g(o" (thty)) € O (a5 (1))
At (ya,78) 1 c€ P ({esh) = glo" (. th) € IO (o (),
c € ({en}) = g(o" (th.1h)) € GOy (th)).
Subcase 3.2. If 05(ty) = M and oj(t;) = R: So, g(o (’A,t'B)) =5 = g(o*(t,t})). We

have O%(o%(ts)) = {¢, s} and O4(o5(t})) = {c,n,s}. At (ya,p5), Ann chooses ¢ from
{¢, s}, which implies o7 (t"y) must be U. On the other hand, at (v4,7vg), Ann chooses ¢
and s from {c,n, s}, which implies o7 (t"y) must be M or D, a contradiction. Hence, we
cannot have o} (ty) = M and o}(t;) = R.

Subcase 3.3. If o55(t)5) = R and o5(t)) = M: So, g(o*(ty,t)s)) = s = g(a*(ty,t5)). We
have O (o%(ts)) = {c,n, s} and O (c5(t%)) = {c,s}. At (va, pp), Ann chooses n from
{¢,n,s}, and at (y4,7B), Ann chooses ¢ from {c¢,s}. They both imply we must have
o (") = U. Thus, O%(c%(t%)) = {c¢,n}. But, at (ya, ps), Bob chooses ¢ from {¢,n} even
though it would be g(c*(#4,t5)) = n, a contradiction. So, we cannot have o}(t5) = R
and o5 (th) = M.

Subcase 3.4. If o%(t)3) = R and o5(t)) = R: So, g(o*(t'y, 1)) = s = g(o*(t'y,1})). We
have OY(o5(t)) = O4(ox(t}h)) = {c,n,s}. At (ya,pp), Ann chooses n from {c,n, s},
which implies ¢%(¢}) must be U. On the other hand, at (v4,7s), Ann chooses ¢, s from

{¢,n, s}, which implies o7 (#"y) must be M or D, a contradiction. Thus, we cannot have
o5(ty) = R and o5(t%) = R as well. =

Finally, we observe that the revelation principle for partial ex-post behavioral imple-
mentation fails in our example.?” Consider the SCF f given in Table 11. The mechanism
4 in Table 12 possesses an EBE sustaining f. Hence, the mechanism g partially ex-post
behavioral implements f. However, the corresponding direct mechanism, x/, given in Ta-
ble 14, fails to partially ex-post behavioral implement f truthfully as truthful revelation is
not an EBE of u/: At state (#/,,t%), reporting truthfully delivers n, but Ann’s opportunity

2"The failure of the revelation principle on behavioral domains is first documented by Saran (2011)
for the concept of BIE. That study establishes that weak contraction consistency, a condition implied by
the ITA, is sufficient for the revelation principle. Our example shows that the revelation also fails for the
concept of EBE, which is essentially due to the failure of ITA in ex-post choices.
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Bob

Ann

Table 14: The direct mechanism 2.

set at the corresponding choice-state (pa,vg) is {n, s} and n ¢ CX)ANB)({TL, s}) = {s}.

B Direct Mechanisms

The appeal of direct mechanisms in the mechanism design literature leads us to the
following analysis, in which we focus on SCFs instead of SCSs (since direct mechanisms
cannot coordinate selections of SCFs from an SCS). In Theorem 3, we present the resulting
characterization of ex-post behavioral implementation of an SCF via its direct mechanism.
Moreover, we provide a second characterization, which is akin to Bergemann and Morris
(2008, Proposition 1), using the following condition we borrow from that study: An SCF
fis full-range if for all x € X, alli € N, and all _; € ©_;, there is 6; € ©; with f(0) = =.

Theorem 3. Given an ex-post environment, let f : © — X be an SCF. Then,

(1) SCSF ={f} is ex-post behavioral implementable by f’s direct mechanism possessing
a truthful EBE if and only if the profile of sets (f(©:,0-:))ien, o_,co_, is ex-post
consistent with F.

(13) If f is full-range, then SCS F = {f} is ex-post implementable if and only if it is
ex-post behavioral implementable via the direct mechanism of f.

Proof. For the necessity of (i) of the theorem, suppose f is ex-post behavioral im-
plementable by its direct mechanism p/ = (T,¢/) with ¢/ = f o). Let the truthful
strategy profile o' be an EBE, so fod = g/ oa!. Let i € N and t € T. Then,
O (i, (t_)) = £(O4,9_i(t_;)) and F(¥:(t:), V_i(t_s)) € "0 (ald(t_;))) establish (i)
of ex-post consistency of (f(©;,0-;))ien, 9_,co_,- For (ii) of ex-post consistency, for any
deception /strategy profile a with fodoa # f, ol oa = a cannot be an EBE of
u! because otherwise g/ o ol
tation SCF f o9 o a equals f, a contradiction. Thus, there is i* € N, t* € T with
F@) ¢ X (F(Orryae(t2,.)) since O (i (E))s500) = F(Orr, i (#,.)).
For the sufficiency of (i) of the theorem: By hypothesis, (f(©;,0_;))ieno_,co_, IS ex-
post consistent with F' = {f}. Then, o/ is a truthful EBE and ¢/ o0 o' = f 04 thanks

to quasi-ex-post incentive compatibility (implied by ex-post consistency). Further, if o*

oa = fodoa and hence by (i7) of ex-post implemen-
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is an EBE, then g/ o a* = f o ¥; otherwise, ¢/ (a*(t)) # f(J(t)) for some t € T. So,
f(0(a*(t))) # f(¥(t)) implies, by (ii) of ex-post consistency of (f(©;,6_;))ien, 0_,co_;,
there is i* € N and t* € T with ¢/ (a*(t")) = f(9(a*(t))) & " (f(Os, a* . (t7,))) as
g/ = f o, contradicting to a* being an EBE as Oﬁif(oz*,i* (t* ) = (O, 0 1 (2,4)).
For (iz) of the theorem: The sufficiency holds trivially. On the other hand, if f is
full-range and ex-post behavioral implementable by a general mechanism p and o is an
EBE of p with goo = f o, then for all i € N, O¥(0_;(t_;)) = X for all t_; € T,
as U_;(T-;) = x;ju0;(T;) = ©_; (since ¥; : T; — O; is surjective for all j € N), and
for all x € X, all i € N, and all §_; € ©_;, there is 0; € ©,; with f(f) = x (because
f is full-range). Hence, S = (S;(6-;))ien, ¢_,co, such that S;(6_;) = X for all i € N
and 0_; € ©_; is ex-post consistent with I = {f} by Theorem 1. Therefore, (i) of
ex-post consistency implies for all ¢ € T, f(9;(t;),9_;(t_;)) € cgﬁi(ti)’ﬁ’i(t’i))()(); (17) of
consistency implies for any a with fodoa # f o1, there is * € N and t* such that
fW(a(t?))) ¢ cf*(t*)(X). Now, consider SCF f’s direct mechanism, u/, and observe that
for all © € N and Oé‘f(t,i) = f(©;,0_;(t_;)) = X for all t_; € T_;. Therefore, the
truthtelling strategy profile o' is an EBE of u/ because (by (i) of ex-post consistency)
for any i € N and t; € T}, gf (ald(t,), o (1)) = f(0(t;), 9(F_s)) € "D (x) for all
t_; € T_;. For any other EBE @& of direct mechanism x/ and for any £ € T, it must be that
g/ (a()) = f(9(F)). Otherwise, as ¢/ (&(f)) = f(0) for some § € © due to the full-range
condition, if f(0) # f(¥(f)), then (as g/ = fo¥) we have f(9(a(d))) = f(0) # f(I(D));
so, by (ii) of ex-post consistency, there are i* € N and t* € T such that g/(a(6*)) =
f(W(a(6%)) ¢ c?*(t*)(X), contradicting & being an EBE of the direct mechanism p/. m

Finally, we note that Example 1 displays the use of part (i) of Theorem 3: Table 3
shows that the profile (f(0;,0_;))ien, 0_,co_, is ex-post consistent with F' = {(zzzy)}.

C The Warning of de Clippel (2023)

We discuss situations in which a contradiction along the lines of de Clippel (2023) may
emerge in our behavioral setting. To that regard, we construct an example mimicking the
construction in the proof of de Clippel (2023, Proposition 1): Suppose that individuals’
ex-post choices are singleton valued while the ITA does not hold for some individual’s
ex-post choices. Hence, there is an individual ¢, a choice-state § € O, a non-empty set
of alternatives T € X, and an alternative x € T'\ ¢/(T) such that ¢(T) # /(T \ {z}).
Given i and her type t; with ¥;(t;) = 0;, if there are only two distinct profiles of others,
t oty € Ty with 9_4(t_;) = 0_; # 9_;(t_;) and hence 9(t) = 0 # (9;(t;),9_i(t_;)),
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then we can construct the following set of acts: A, := {a;,a},a”,a’"} ( ey, gef/{ai"’g}>

where these acts are as specified in Table 15 and Y,Y € X are as follows:

t_; t_;
a; (1) é““ <T\mn
'l9 19 ’i ,&Z 1
al AT\ D (2}
a;/ Cgﬂi(ti):'ﬂ—i(t—i)) (T \ {JZ}) 19('5)< )
al’ x “(T)
al? Yy ]

Table 15: An example in conjunction with Property STP*.

v =T\ {a, /1), " ED 0 {a)), O\ (SO DD

¥V =1\ {a,(m), 0 <T\un}
We let A% := A;\ {a;}. Then, we observe that A;(t_;) =T, A;(t_;) = T\ {z}, A*(t_;)
T\{c?(t) (T)}, and Af(t_;) =T\ {z}. Thu~s, by Property STP*, a; € CY(A;) as a;(t_;)
D (A (t_;)) and a;(f_;) = "= 0= (A (7). Similarly, a} € CY (A2) since a)(t_;)
¢/ (A;(t ) and aj(f ;) = "D (AL(EL)),

We need the following additional requirements to reach a contradiction as in de Clippel

(2023): Individual ¢ of type t; should perceive acts a; and a} to be equivalent to each
other on grounds of a;(t_;) = a’(t_;) and a;(t_;) = a’(t_;). That is, when considering t_;
and t_;, only the underlying alternatives associated with these acts matter to her. As a
result, she perceives the act that delivers 2’ at t_; and 3/ at £_; to be equivalent to another
that provides 3’ at t_; and 2’ at {_; where 2/, € X. For example, this happens under
probabilistic sophistication when 4’s belief when her type is ¢; is such that t_; and t_, are
equally likely and ¢ of type t; evaluates acts by the lotteries they induce.

Indeed, at the heart of this contradiction lies the individual perceiving two different
states as equivalent. We model the equivalence perception of individual ¢ of type ¢; over the
set of all others’ types via an equivalence relation = defined on T._; and let the equivalence
class of t_; be Py, (t_;) :=={t', € T_; | ¥, =t_;}.?® For any i of type t;, the relation =
partitions any set of states T_; C T_; into equivalence classes.

As a result of this perception equivalence, individual 7 of type t; perceives two acts
and a!” as equivalent whenever for any /", € T_; with t/, € Py (t",), alV (') =
a2, aV,) = a?), and V(") = a(2 (") for all t”, € T_; \ {t'_,,t".}: we

(1
(

28 An equivalence relation is a binary relation that is reflexive, symmetric, and transitive.
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)

denote such a situation by a( )Lt a, We also need to assume that the perception

equlvalence relation of individual 7 of type t; satisfies the following: If a(l)Izt 1(2), then

) € C%(A)) if and only if al” € Cli(A]) for all A} C A; with al”, al” € A,

For any i of type t;, the relation Z;,, partitions any A} C A; into equlvalence classes.
We assume that i of type ¢; perceives two sets of acts A, and Al as equivalent if the
collection of equivalence classes in A; that the acts in A} and A! belong to are equal
to one another With a slight abuse of notation, we denote such a case by A}Z;; Al.
Formally, A I,t A(2 if for all a; € A , Ii,ti(é—i) N Al@ # () for all k,¢ = 1,2 where
Z;.,(a;) is the equivalence class of a; with respect to Z; .

Moreover, we assume that interim choices of 7 of type t; from a set of acts respect
the resulting equivalence classes so that the interim choices are singleton-valued up to
equivalence classes with respect to Im: For any two sets of acts Al(-l) and Al@) with
Agl)Ii,tiAl(Q (1) € Cl (A ) and a ) e Cf"(AZ@)) implies a( )IZ Zag ).

Finally, going back to our example, we have a;,Z;,a asa; = ( i(t) (1), cgm(ti)’ﬁ’i({’i))(T\
{z})) and a = (V=D (21), O(T)). Further, AL, Af because AF = A; \
{a;} and a,Z; ;,a] and a € Af C A, Recall that Property STP* implies a; € Cf’(Al) and
a, € CY(A). The de51red contradiction emerges as a;Z; ;,a; does not hold since a;(t_;) =

”9“< ) # TN ST = a(t-) but a;(fy) = aj(f_,) = "D (1),

D Robustness Properties

To analyze the robustness properties of ex-post behavioral implementation, we provide
the following details regarding individuals’ information and type spaces: Let ‘I be the set
of all permissible type spaces of the form (T}, v;);eny where the association of individual i’s
type (including her beliefs about others’ types) with her ex-post choice-type is captured
by ¥; : T; — O;, a surjection, for all i« € N. Thus, for all (T}, 9;)ien, (Tz,ﬁ Yien € T, we
have 9;(T}) = 0;(T;) = ©; for all i € N. With a slight abuse of notation, we denote a type
space by T = (T,9) where T' = X;enT; and ¥ : T — © is defined as 9(t) = X;en?;(t;)
for all t € T.2° We assume that the realized type space is commonly observed by the
individuals but not the planner. Each individual observes only her own type but not that

of the others. We formalize individual i’s private information at the interim stage via

29This formulation parallels that of Bergemann and Morris (2011). Indeed, in the rational domain, a
type space is denoted by a triplet 7 = (T;,%;, m;)ien where m; : T; — A(T-;) denotes the probabilistic
beliefs of individuals over other individuals’ types. We do not include such probabilistic beliefs in our
type space formulation because in our behavioral setup, individuals’ assessments of others’ types are
entangled in their interim choices. Thus, it is not clear how to obtain these assessments via probabilistic
beliefs when individuals are not necessarily rational.
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Q= {((T,9),t;) | (T,¥) € T,t; € T;}; so, the private information of individual i at
the interim stage, w; = ((7,9),t;) € §);, represents the situation in which individual i
observes the realized type space (T,9) € 7 along with her type t; € T;.

Given a permissible type space 7 = (T,9) € 7 and individual i of type t; € T;, AT
denotes the set of all acts that i of type t; faces at T (i.e., AT :={a; |a; : T_; — X}).

In this framework, a strategy of individual ¢ in a mechanism p = (M,g) is o; :
Q — M;. Let o, = (0] )7eq where o] is the projection of o; on the permissible type
space T = (T,9). We refer to the set of acts individual ¢ can unilaterally generate at
the commonly observed type space 7 when the other individuals use 07, := (07 ), as
individual i’s opportunity set of acts at T under u for o”,. Formally, for any i € N,

0% (01) i= (Olr (07 ) rer where
Oéffr(a:) = {a] € AT | 3Im; € M; st. al (t_;) = g(m;, 07,(t=;)) for all t_; € T_;} .

A strategy profile 07 = (0] )ien with o] : T; — M; is a BIE of u at type space T = (T, 1)

if for all i € N and t; € T}, [go 07 ]y € Ci(OF1(067,)) where [gooT ]y + Ti —
X is the interim act i of type t; faces at type space T defined by [g o 7] (t—;) =
g(al (t;),07,(t;)) for all t_; € T_;. A strategy profile 07 = (0] )ijen is an EBE of u at

T = (T,9) if for alli € N and t; € T, g(o] (t,),07,(t_;)) € "= 01 (o7)(t_,))

for all t_; € T_; where O!' (0 7,)(t_;) == O} (c7,(t-:)).

The following result implies that EBE is robust in the following sense:

Proposition 10. An EBE of mechanism i at a permissible type space induces an outcome
equivalent EBE of 1 at every other permissible type space.

Proof. Let a strategy profile o7 given by O'JT : T; — M; for all j € N be an EBE
of pat T = (T,9) € T. Then, for all i € N and all t; € T;, g(o] (t;),07,(t_;)) €
cgﬁi(ti)’ﬁ’i(t’i))(OﬁT(OTi)(t_i)) for all t_; € T_,;. For any other permissible type space T =
(T, 1), define o7 as follows: For all j € N and t; €Ty, let Uj'(fj) = o] (t;) for some t* € T}
with 9;(t;) = ,(t;). Because ¥, : Ty — ©; and 4, : Tj — ©; are surjective for all j € N,
o7 is a well-defined strategy profile at 7. Then, for all i € N and all #; € T} together with
its associated type t* € T} such that ¥;(t*) = U;({;), we observe that g(o7 (t}),o7,(t*,)) =

g(o] (t:),07,(i—;)) and OF (o T)))(t*,;) = OZ%(UT—i))(t:Z-). Therefore, for all i € N and all

3 —1

toe Ty, go7 (), 0T.(1.,)) € cgﬁi(fi)’g’i(i’i))(Off(af_ri))(f_i) for all f_; € T_;, establishing

(2
that o7 is an outcome equivalent EBE of v at 7. m
Proposition 10 implies that ex-post behavioral implementability of an SCS F' is in-

dependent of the permissible type space. Consequently, one can dismiss concerns about
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individuals’ beliefs (interim assessment of others’ types) not affecting their ex-post choices
and focus on a type space that is in one-to-one correspondence with the (ex-post) choice-
states. Thus, the following type space suffices when analyzing ex-post behavioral imple-
mentability: 7€ = (©,9°) where for any i € N, 99 : ©; — ©; is the identity function.
These imply that every EBE of mechanism p at a permissible type space induces an

outcome equivalent BIE of y at every other permissible type space under Property STP*.
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